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ON THE ARITHMETIC TRANSFER CONJECTURE FOR EXOTIC 
SMOOTH FORMAL MODULI SPACES 

M. RAPOPORT, B. SMITHLING, AND W. ZHANG 


Abstract. In the relative trace formula approach to the arithmetic Gan-Gross-Prasad con¬ 
jecture, we formulate a local conjecture (arithmetic transfer) in the case of an exotic smooth 
formal moduli space of p-divisible groups, associated to a unitary group relative to a ramified 
quadratic extension of a p-adic field. We prove our conjecture in the case of a unitary group 
in three variables. 
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1. Introduction 

The theorem of Gross and Zagier [7] relates the Neron-Tate heights of Heegner points on 
modular curves to special values of derivatives of certain L-functions. This has been generalized 
in various ways to higher-dimensional Shimura varieties. One such generalization, which is still 
conjectural, has been proposed by Gan-Gross-Prasad [5j and the third-named author !34l [35] , 


l 
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This arithmetic Gan-Gross-Prasad conjecture is inspired by the (usual) Gan-Gross-Prasad 
conjecture relating period integrals on classical groups to special values of certain F-functions. 
In [S] Jacquet and Rallis proposed a relative trace formula approach to this last conjecture in 
the case of unitary groups, which led them to formulate two local conjectures in this context: a 
fundamental lemma (FL) conjecture, and a smooth transfer (ST) conjecture. Both of their local 
conjectures are now proved to a large extent, the first for p 0 thanks to the work of Yun [521 
(and Gordon [5j), and the second for arbitrary p-adic non-archimedean fields by the third-named 
author [57 . 

In [35] the third-named author proposed a relative trace formula approach to the arithmetic 
Gan-Gross-Prasad conjecture. In this context, he formulated the arithmetic fundamental lemma 
(AFL) conjecture, cf. l55j 25]. The AFL conjecturally relates the special value of the derivative 
of an orbital integral to an arithmetic intersection number on a Rapoport-Zink formal moduli 
space of p-divisible groups attached to a unitary group. The AFL is proved for low ranks of the 
unitary group (n = 2 and 3) in [55] . and for arbitrary rank n and minuscule group elements 
in (23] . A simplified proof for n = 3 appears in Q33- At present, the general case of the AFL 
seems out of reach, even though Yun has obtained interesting results concerning the function 
field analog [55] . 

In the present paper, we address an arithmetic transfer (AT) analog of the ST conjecture in 
the arithmetic context, in a very specific case; we refer to m for a more general context in 
which we expect such arithmetic analogs of ST. The special feature of the case at hand is that, 
despite the fact that we take the unitary group to be ramified, the corresponding RZ space is 
smooth, cf. (161 . For this reason we speak of exotic smoothness. 

Now that we have explained the title of the paper, let us describe its contents in more detail. 

Let p be an odd prime number, and let Fq be a finite extension of Q p . Let F/Fq be a 
quadratic field extension. We denote byo^a the non-trivial automorphism of F/Fq, and by 
V = Vf/Fq the corresponding quadratic character on F 0 X . Let e := (0,... ,0,1) £ Fq . and let 
GL„_i GL ra be the natural embedding that identifies GL„_i with the subgroup fixing e under 
left multiplication, and fixing the transposed vector *e under right multiplication. Let 

Sn ■— { s £ Hesp/p 0 GL„ | ss = 1}, 

with its action by conjugation of GL„_i. On the other hand, let Wq and W\ be the respective 
split and non-split non-degenerate F/Fo-hermitian spaces of dimension n. For i = 0 and 1, fix 
a vector m £ Wi of length 1 , and denote by W\ the orthogonal complement of the line spanned 
by Ui . The unitary group U(W-') acts by conjugation on U(lFi). 

We now explain the matching relation between regular senri-simple elements of S u (Fq) and 
of U(W 0 )(F 0 ) and U(IFi)(Fo). Here an element of S n (Fo), resp. of U(Wi)(F 0 ), is called regular 
semi-simple (rs) if its orbit under GL„_i, resp. U (W^), is Zariski-closed of maximal dimension. 
For each i, choose a basis of Wi by first choosing a basis of W\ and then appending m to it. 
This identifies U(W i l, )(Fo) with a subgroup of GL n _i(F) and U(Wi)(F 0 ) with a subgroup of 
GL„(F). An element 7 £ S n (F 0 ) IS is said to match an element g £ U(Wi)(F 0 ) rs if both elements 
are conjugate under GL n _i(F) when considered as elements in GL„(F). This matching relation 
induces a bijection 

[U(Wo)(F 0 ) rs ] H [U(Wi)(F 0 ) rs ] ~ [S n (F 0 ) rs ], 

cf- 03 §2], where the brackets indicate the sets of orbits under U(W^)(F 0 ), resp. GL„_i(F 0 ). 

Dual to the matching of elements is the transfer of functions, which is defined through 
weighted, resp. ordinary, orbital integrals. For a function /' £ C£°(S n (Fo)), an element 7 £ 
S n (Fq) rs , and a complex parameter s £ C, we define the weighted orbital integral 

Orb( 7 , /', s) := f f'(h~ 1 'yh)\deth\ s ri(deth)dh, 

JGL n _i(R 0 ) 

as well as its special value 

Orb( 7 ,/') := Orb( 7 ,/', 0 ). 


ON THE ARITHMETIC TRANSFER CONJECTURE FOR EXOTIC SMOOTH MODULI SPACES 


3 


Here the Haar measure on GL„_i(Fo) is normalized so that vol(GL n _i (Of 0 )) = 1. For a function 
fi £ C'^°(U(Wj)(Fo)) and an element g £ U(W,)(Fo) rs , we define the orbital integral 

Orb (g,fi):=[ f i (h~ 1 gh)dh. 

dU(VF>)(Fo) 

Then the function f £ C%°(S n (Fo)) is said to transfer to the pair of functions (/o,/i) in 
C^°(U(Wo)(F 0 )) x C“(U(Wi)(F 0 )) if 

w( 7 ) Orb( 7 , /') = Orb( ff , fi) 


whenever 7 £ S n (Fo ) rs matches the element g £ U(W,)(Fo) rs - Here 


^ : S n (Fo) r 


C > 


is a fixed transfer factor [57} p. 988], and the Haar measures on U(W i b )(Fo) are fixed. The ST 
conjecture asserts that for any /', a transfer (/o,/i) exists (non-uniquely), and that any pair 
(/oj/i) arises as a transfer from some (non-unique) /'. The FL conjecture asserts a specific 
transfer relation in a completely unramified situation. 

When F/Fq is unramified, if one takes for w: S n (Fo ) rs —> {±1} the natural transfer factor (see 
[221 (1.5)]), and normalizes the Haar measure on U(Wq)(Fo) by giving a hyperspecial maximal 
compact subgroup volume one, then the FL conjecture asserts that ls n (o Fo ) transfers to (lif 0 ,0), 
where K 0 C U(Wo)(F 0 ) denotes a hyperspecial maximal open subgroup. 

By contrast, when F/Fq is ramified, there is no natural choice of a conjugacy class of open 
compact subgroups Kq, no natural choice of a transfer factor, and no natural candidate for f 
transferring to (1 k 0 , 0 ). 

We next pass to the AFL conjecture, which requires, just as in the FL conjecture, that F/F$ 
is unramified. We take the same transfer factor as in the FL conjecture, and the same fixed 
Haar measure on U(T / Fg)(Fb)- For f £ C^°(S n (F 0 )) and 7 £ S n (F 0 ) rs , set 


<90rb( T , f) 


d_ 

ds 


Orb (7 ,f',s). 

8 =0 


Then the AFL conjecture asserts that 


w( 7 )aOrb( 7 , l Sn(OFo )) = -Int(s) ■ logg, ( 1 . 1 ) 

whenever 7 £ S n (F 0 ) rs matches g £ U(Wi)(Fo) rs (note that the FL conjecture asserts that 
Orb( 7 , ls n (o F )) = 0 for such 7 ). Here q denotes the number of elements in the residue field of 
F 0 . 

The term Int(g) requires explanation. Let A f n = Mf/f 0 ,u denote the formal scheme over 
Spf Op which represents the following functor on the category of 0^,-schemes S such that p-Os is 
a locally nilpotent ideal sheaf. The functor associates to S the set of isomorphism classes of tuples 
( X , l, A, p) where A is a formal p-divisible O^ 0 -module of relative height 2 n and dimension n, 
where u Op -I End(A) is an action of Of satisfying the Kottwitz condition of signature (1, n— 1) 
on Lie(A') (cf. [lOl §2]), where A is a principal polarization whose Rosati involution induces the 
automorphism a £ a on l(Of), and where p: Xx sS —> X n x g pec pS is a framing of the restriction 
of X to the special fiber S of S, compatible with l and A in a certain sense, cf. [221 §2]- Then J\f n 
is formally smooth of relative formal dimension n — 1 over Spf Op. The automorphism group 
(in a certain sense) of the framing object X„ can be identified with U(Wi)(Fo); it acts on A f n by 
changing the framing. Let £ be the canonical lifting of the formal O^-module of relative height 
1 and dimension 1 over Spf Op , with its canonical CV-action and its natural polarization Ag. 
There is a natural closed embedding of N n -i into J\f n , 


dj\f ' A/n—1 ^ A f n 

Y 1 -> Y x £. 


Here all auxiliary structure (Oir-action, polarization, framing) has been suppressed from the 
notation, and £ denotes £, with t£ replaced by its conjugate. Let 

A C A/n—1 XSpfO^. A f n 





4 


M. RAPOPORT, B. SMITHLING, AND W. ZHANG 


denote the graph of Sjy. Then Int(g) is defined as the intersection number of A with its translate 
under the automorphism 1 x g of Af n -i xgpfo^, M n , 

Int(g) = x(Oa 1 x<?)a)- 

This concludes the statement of the AFL conjecture. 

It should be true in the situation of the AFL that for any f' £ C£°(S n (Fo)) with transfer 
(1 k o; 0), there exists a function /' orr £ Cf°(S n (F 0 )) such that 

^( 7 ) 50rb( 7 , /') = -Int(g) • log q + w(y) Orb( 7 , f' orr ) 

whenever 7 £ S n (F 0 ) rs matches g £ U(Wi)(F 0 ) rs . This would follow along the lines of Lemma 
15.181 below from a conjectural density principle on weighted orbital integrals. See Conjecture 
15.161 for the statement of the density principle in the setting of this paper. 

Now we come to the formulation of our AT conjecture. We assume for this that F/Fq is 
ramified. We then modify the definition of the formal moduli space Mf/f 0 ,u — A/"„ by slightly 
changing the conditions on the tuples (A, 1 , A, p). Namely, in addition to the Kottwitz condition 
of signature (l,n — 1), we impose on l the Pappas wedge condition of signature (l,n — 1), and 
the spin condition. The latter condition states that for a uniformizer 7 r of F, the endomorphism 
i( 7 r) I Lie(X) is nowhere zero on S. Furthermore, we change the condition that A is principal to 
the condition 

Ker(A) C X[i(tt)] with |Ker(A)| = q 2 ^ n/2i . 

It turns out that J\f n is again formally smooth of relative formal dimension n — 1 over Spf Op, 
and is essentially proper when n is even. We stress that this result is quite surprising in the 
presence of ramification. 

The morphism Sjy: J\f n -i —> M n can be defined exactly as before when discussing the AFL 
setup, provided that n is odd, since then = 2|_f J. We then define Int(^) as before. Our 

AT conjecture is as follows. 

Conjecture 1.1. Let F/Fq be ramified, and let n > 3 be odd. 

(a) There exists a function f £ Cf°(S(Fo)) with transfer (l/q,,0) such that 

Mt) <90rb(7, /') = -lnt(g) • log q (1.2) 

for any 7 £ S(F 0 ) rs matching an element g £ U(IFi)(Fo) r g. 

(b) For any f £ Cf°(S(F 0 )) with transfer (lx o ,0), there exists a function f COTI £ C£°(S(F 0 )) 
such that 

2 w( 7 ) <90rb(7, /') = -Int(p) • log <7 + 07 ( 7 ) Orb( 7 , f' cm f) 
for any 7 £ S(F 0 ) rs matching an element g £ U(lFx)(Fo) rs . 

Here Kq denotes the maximal compact subgroup stabilizing a nearly ir-modular lattice Ao in 
Wq (see (15.31) below), and oj is the transfer factor defined in (15.51) below. The Haar measure on 
U(Wq)(Fo) is defined by vol Kq = 1 for a special maximal compact subgroup Kq of U(VFq)(F 0 ). 
We also formulate a “homogeneous” variant of the AT conjecture fConjecture 15.31) . which we 
show is equivalent to the above conjecture in £15.21 Note that between the statements of the 
AFL conjecture (11.11) and the AT conjecture (11.21) . there is a discrepancy of a factor of 2. This 
is a genuine difference between the unramified and ramified cases, and we refer to m for an 
explanation by way of a global comparison between the height pairing and the derivative of a 
relative trace formula. 

Our main result concerns the first non-trivial case n = 3 of the AT conjecture. More precisely, 
we prove the following. 

Theorem 1.2. Let Fq = Q p , and let n = 3. Then Coniecture \l.l\ holds true. In addition, for 
any g £ U(Wi)(.Fo)rsj the intersection of A and (1 x g) A, if non-empty, is an artinian scheme 
with two points, and Int(g) = length(A D (1 x g) A). 

We also prove a Lie algebra version of the above theorem; see Theorem 15.231 
Let us comment on the proof of Theorem 11.21 In those cases in which the AFL conjecture 
has been established, the proof proceeds by calculating explicitly both sides of the conjectured 
identity and comparing the results. This approach fails for the AT conjecture because the 
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left-hand side of the identity is not well-determined by the pair of transfer functions (ljf o , 0 ). 
Unlike the AFL situation, there is no canonical choice for the function /'; in fact, /' cannot come 
from the Iwahori Hecke algebra, cf. Remark l5.4niiil) . In particular, we note that the characteristic 
function 1 s(Of 0 ) has vanishing orbital integrals at all regular semi-simple elements in the ramified 
setting, i.e. it transfers to (0,0). Instead we prove part (03 of Conjecture 1 1.1 1 fin the case F 0 = Q p 
and n = 3) by showing that, for any f as in the statement, the sum 

2w(t) <90rb(7, /') + Int(ff) • log q (1.3) 

is an orbital integral function , i.e. of the form 01 ( 7 ) 0 rb( 7 , /' orr ) for a suitable function /' orr . 
Then part (jgj) of Coni ecture 11.11 follows easily. 

To prove that CG3 is an orbital integral function, we first remark that m may be viewed 
as a function on an open subset of the categorical quotient of S n by GL„_i, and then use the 
fact [37] that the desired property may be checked locally on the base. To achieve this goal, we 
proceed in two steps. First, we determine explicitly Int(g). Second, we develop a germ expansion 
around each point of the categorical quotient, which is sufficiently explicit that it determines 
01 ( 7 ) <90rb(7, f) up to a local orbital integral function. Putting these two steps together, we 
check that m is an orbital integral function. The description just given is inaccurate, insofar 
as we first perform a reduction to a Lie algebra analog. Here the Cayley transform from [37] 
plays a key role. For the first step we use, similarly to [TO], the results of Gross and Keating [T] 
on quasi-canonical liftings (the reduction to [I] in [13 §8] is transposed here to the ramified case; 
in fact, we found a drastic simplification of the proof (due to Zink) in loc. cit., which applies 
to both the unramified and the ramified case). For the second step, we base ourselves on the 
results on local harmonic analysis in [36]. which we complete and make more explicit in various 
ways. 

Additionally, let us point out two group-theoretic features in the case n = 3 which seem to be 
important. The first is the exceptional isomorphism SL 2 ~ SU 2 . One geometric manifestation of 
this is that there is a natural isomorphism between Ad and a connected component of A/ 2 , where 
Ad is the Lubin -Tate deformation space over Spf Op of the formal Of 0 -module of dimension 1 
and height 2; see Proposition 16.31 To state the second feature, we note that the aforementioned 
maximal compact subgroups Kg and Kg have symplectic reductions; see Remark 15.21 When 
n = 3, associated to the reduction of Kg is a second exceptional isomorphism Sp 2 — SL 2 , which 
plays a role in reducing the conjecture to a Lie algebra version; see the proof of Lemma lll.il 

Let us also remark on the restriction to Fg = Q p in Theorem Q 1 While we certainly expect 
that the overall framework of this paper should be valid for any p-adic field Fg. there are a few 
instances, all of which occur when working with J\f n or related formal schemes, where we need 
to appeal to results in the literature which are only established at the level of generality of q = p 
or Fo = Q p. Indeed, strictly speaking, this is already the case for the representability result in 
[25] which is needed to know that J\f n is a formal scheme in the first place! In accordance with 
our expectations, we will use the general notation q and Fg throughout the paper, but when 
working in a context where formal schemes are present, we will always tacitly take q = p and 
Fg = Q p . By contrast, the parts of this paper lying in the realm of harmonic analysis are valid 
without any restriction on Fg. 

Now let us comment on the possibility of extending our main result to odd integers n > 3. 
The difficulties seem formidable. First, one would have to deal with degenerate intersections. 
Related to this is the fact that the reduction procedure to a Lie algebra analog breaks down. In 
fact, we are unable to even formulate a conjectural Lie algebra version of Coniecture ll.il since we 
are lacking a reasonable definition of an intersection multiplicity in this context; see Conjecture 
15.101 below, in which we have to assume that the intersection is artinian. The second difficulty 
is that our knowledge of local harmonic analysis when n > 3 is not advanced enough; even a 
germ expansion principle is missing beyond the case of n = 3 [36] . One possibility for making 
further progress would be to consider Conjecture 11.11 only for elements 7 and g that satisfy 
certain simplifying restrictions, in the spirit of [231 (which considers only minuscule elements). 

On the positive side, there are other instances of AT conjectures. Indeed, in m, we formulate 
AT conjectures for F/Fg ramified (as in the present paper) and n even, and also for F/Fg 
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unramified and any n. The methods developed in the present paper can be applied to some 
low-dimensional cases of them, cf. [2D]. 

Let us finally comment on the global motivation behind all of these conjectures. The AFL was 
introduced by the third-named author in [35] in the context of a relative trace formula approach 
to the hermitian case of the arithmetic Gan-Gross-Prasad conjecture, to facilitate a comparison 
between geometric and analytic sides at inert primes of the unitary group. In forthcoming work 
m we will explain how our AT conjectures facilitate analogous comparisons in this framework, 
which in particular encompass the ramified primes of the unitary group. We refer to loc. cit. for 
details. 

We now give an overview of the contents of this paper. The paper consists of four parts. 

In Part 1, we give the group-theoretic setup (in its homogeneous, its inhomogeneous, and its 
Lie algebra versions); we define the formal moduli spaces of p-divisible groups, and establish 
some structural properties for them; and we define the arithmetic intersection numbers that 
enter into the formulation of our conjectures and results. In f]5] we formulate our main results. 

In Part 2, we explicitly calculate the arithmetic intersection numbers in the case n = 3, by 
reduction to the Lie algebra and by relating this case to the Gross-Keating formulas. 

In Part 3, we tackle the left-hand side of the identities to be proved in Theorem 11.21 This is 
done by reducing the problem to one on the reduced subset of the Lie algebra. The rest of part 
3 is devoted to explicitly evaluating the germ expansion of the orbital integral of a function fi 
with transfer (1 a 0 , 0), and then making the comparison with the result of part 2. At the end of 
part 3, the proof of Theorem II. 21 is complete. 

In Part 4, we prove the germ expansion of the orbital integral of a general function /'. This 
part of the paper can be read independently of the rest and lies squarely in the domain of local 
harmonic analysis for the Jacquet Rallis relative trace formula approach to the Gan-Gross- 
Prasad conjecture. 
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Notation. We list here some notation that we use throughout the whole paper. We denote by 
p an odd prime number. 

F/ Fq is a ramified quadratic extension of finite extensions of Q p . We denote bya^a the 
nontrivial automorphism of F/Fq, and by 77 = Pf/Fo the corresponding quadratic character on 
Fq . When h is a square matrix with entries in Fq, we sometimes abbreviate 7y(det h) to ri(h). 
Since p # 2, we may and do choose uniformizers n oi F and w of Fq such that 7r 2 = w. We denote 
by k an algebraic closure of the common residue field k of F and Fq, and we set q := #£;. As 
stated above, when working in an algebro-geometric context where formal schemes are present, 
we always understand that q = p and F 0 = Q p . We denote the group of squares in F 0 X by Fq’ 2 . 
We denote the group of norm 1 elements in F x by 

F 1 := {a <E F \ aci = 1}. 

We denote by Fq the completion of a maximal unramified extension of Fo, and by F := Fq ®a 0 F 
the analogous object for F. 

A polarization on a p-divisible group X is an anti-symmetric isogeny X —> A v , where X w 
denotes the dual. We use a superscript o to denote the operation — ®z Q on groups of homo- 
morphisms, so that for example 

Horn 0 (A, Y) := Hom(X, Y) Q, 

where Y is another p-divisible group. For any quasi-isogeny p: X -A Y and polarization A on Y , 
we define the pullback polarization 


p*( A) := p v o A o p. 
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We denote by E the unique (up to isomorphism) formal Of 0 -module of relative height 2 and 
dimension 1 over Spec k. We set 


O d ■= Endo F() (E) and D := O d ®o Fq f o- 

Thus D is “the” quaternion division algebra over Fq, and Od is its maximal order. Since F/Fq 
is ramified, any To-embedding of F into D makes E into a formal Oj^-module of relative height 
1. We fix such an embedding 

tE: F —» D 


once and for all, and we always understand E to be a formal O^-module via ie- We denote by £ 
the corresponding canonical lift of E over Spf Op, equipped with its O^-action L£ and O^-lincar 
framing isomorphism ps'. Sj r —> E. We denote by E the same object as E, except where the 
Of -action ig is equal to ie precomposed by the nontrivial automorphism of F/Fq ; and ditto for 
£ in relation to £, which is furthermore equipped with the same framing pp := p£ on the level 
of OD 0 -modules over Spec A:. Of course E is a formal Op-module of relative height 1 in its own 
right, but note that £ is not its canonical lift. In 1)3.31 we will specify a principal polarization Ae 
on E, and we will denote by Ag the principal polarization on £ lifting Ae- We write Ag := Ae and 
Ag := Ag for the same polarizations when we regard them as defined on E and £, respectively. 

We denote the main involution on D by c K > c, and the reduced norm by N. We also write 
N for the norm map F x —> F 0 X ; of course, all of this is compatible with any embedding of F 
into D. We write vd for the normalized valuation on D , and we use 7r as a uniformizer for D, 
via ie- We write v for the normalized (i.e. cu-adic) valuation on Fq. For c £ D x , we define the 
conjugate embedding 


V F - -D 

a I- > C(.e(o)c^ 1 


(1.4) 


We denote by C F the image of c l e . 

Given a variety V over Spec To, we denote by C£°(V(F 0 )) the set of locally constant, compactly 
supported functions on the space ^(To), endowed with its w-adic topology; and we typically 
abbreviate this set to C“(V). We normalize the respective Haar measures on Fq, F, F 0 x , and 
F x such that vol(Op 0 ) = vol(Op) = vol(O^ 0 ) = vol(O^) = 1. 

We write A for the affine line, M n for the scheme ofnxn matrices, and 1„ for the n x n 
identity matrix. We use a subscript S to denote base change to S, and when S = Spec A, we 
often use a subscript A instead. 


Part 1. The conjectures 

In this first part of the paper we introduce the objects involved in the statements of our AT 
conjectures. In |j5]we state the conjectures and our main results. 

2. Group-theoretic setup and orbit matching 

We begin by explaining the general group-theoretic setup in this paper and the attendant 
matching relation for regular semi-simple elements. We consider three cases: the homogeneous 
group setting, the inhomogeneous group setting, and the Lie algebra setting. In this section 
n > 2 is an integer. 

2.1. Homogenous setting. We begin with the algebraic group 

G' := ResD/F 0 (GL ra _i x GL ra ) 

over F 0 - We consider the following two subgroups of G'. The first subgroup is 

H[ := Resp/Fo GL„_i, 

which is embedded diagonally, via the inclusion of GL n _i in GL„ sending A i —> diag(A, 1). The 
second subgroup is 

H' 2 '■= GL n _i x GL n , 
with its obvious embedding into G'. Let 

H' l 2 := H[ x H 2 . 
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Then H[ 2 acts on G' by (h.1,/12): 7 H > h^ Xr )h 2 . We call an element 7 G G'(Fq) regular semi- 
simple if it is regular semi-simple for the action of H[ 2 , i.e. its orbit under H[ 2 is closed, and 
its stabilizer is of minimal dimension. In the case at hand, it is equivalent that 7 have closed 
orbit and trivial stabilizer, which follows from [TBI Th. 6.1]. We denote by G'(F 0 ) IS the set of 
regular semi-simple elements in G'(Fq). 

We next consider non-degenerate F/To-hermitian spaces of dimension n. Up to isomorphism 
there are two of them, a split one Wo and a non-split one W±. They are distinguished by the 
rule 

r/((—l) n ( n—1 )/ 2 det Wi) = (-l) i , (2.1) 

where det Wi := det Ji for any hermitian matrix Ji (relative to the choice of a basis) representing 
the hermitian form. Let i G { 0 , 1 }. Write 


Ui := U(Wi), 


( 2 . 2 ) 


and let 


Ui G Wi 


be a non-isotropic vector, which we call the special vector. We will choose uq and u\ such that 
their norms are congruent mod N F x , which can always be done since n > 2. Let W\ denote the 
orthogonal complement in TV,; of the line spanned by Ui , and let 

Hi := U(Wj). 


Then Hi naturally embeds into Ui as the stabilizer of Ui. Since we assume that uq and ui have 
congruent norms mod N F x , Wq and Wj are non-isomorphic as hermitian spaces. 

To lighten notation, now set W := Wi, and define W 1 *, U, H, and u analogously. Let 


Gw := H x U, 


and consider U as a subgroup of Gw , embedded diagonally. Then Ft x H acts on Gw via the 
rule 

(hi,h 2 ): g '—» h^ l gh 2 . 

An element g G Gw(Fo) is called regular semi-simple if it is regular semi-simple for the action 
of Ft x Ft. We denote by Gw(Fo) rs the set of regular semi-simple elements in Gw{F 0 ). 

We now recall the matching relation between regular semi-simple elements, as in ESI- Choose 
an F-basis for TV 1, and complete it to a basis for W by adjoining u. This identifies W^ with 
U ra_1 and W with F n in such a way that u corresponds to the column vector 

e := (0 ,..., 0,1) 

in F n , and hence determines embeddings of groups U Res F /^ 0 GL ra and Gw ^ G'. We 
call the embeddings obtained in this way special embeddings. An element 7 G G'(Fo) rs and an 
element g G Gw(Fo) IS are said to match if these two elements, when considered as elements in 
G'(Fq), are conjugate under H[ 2 {Fo)- The matching relation is independent of the choice of 
special embedding and induces a bijection ESI §20 

[Gwo(F 0 )r S ] U [Gwi(Fo) rs ] — [G'(F 0 ) rs ]. 

Here on the left-hand side, the square brackets denote the sets of orbits under the respective 
actions of Hq(F 0 ) x H 0 (F 0 ) and Hi(F 0 ) x Hi(F 0 ), whereas the brackets on the right-hand side 
denote the set of orbits under H' 12 (F 0 ). 


1 In loc. cit. only the inhomogeneous version, which will be taken up in the next subsection, is considered. 

However, the inhomogeneous version easily implies the homogeneous version. 
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2.2. Inhomogeneous setting. Now we pass to the inhomogeneous version of the previous 
subsection. Consider the following identifications of algebraic varieties over Fq. First, 

H[\G' Res F/Fo GL„, 7 = (71,72) '—* 7i _1 72- 


Second, let 
and 


S S n { g £ ResF/F 0 GL n | gg — l ra } 


H’ :=GL n _!. 


Then 


ResF/Fo (GL n )/GL n -^ 4 - S, 71 — >77 \ 
and the above two identifications induce an identification on Cg-rational points 


G'(F 0 )/H' 1i2 (Fo) ~ S(F 0 )/H'(F 0 ). (2.3) 

Here the action of H' on S is through conjugation. In other words, the map 

G'{F 0 )—> S(F 0 ), 7 =(71,72 )'— s ( 7 ) : = (7 1 ” 1 7 2 )( 7l - 1 7 2 ) \ 

induces the bijection (12.311 . 

On the unitary group side, let i £ {0,1} and use the notation W, U , H, etc. as in the previous 
subsection. Then we similarly have an identification of Co-points of algebraic varieties over Co, 

G W (F 0 )/(H(F 0 ) x H(C 0 )) ~ U(F 0 )/H(F 0 ), ( 9l ,g 2 ) ► fffV 

Here the action of H(F 0 ) on U(F 0 ) is by conjugation. 

The definitions from the homogeneous setting readily transfer to the inhomogeneous setting. 
Thus an element 7 € S'(Co) is called regular semi-simple if it is regular semi-simple for the 
action of GL„_i on GL n . As in the homogeneous setting, it is again equivalent that 7 have 
closed orbit and trivial stabilizer, cf. ITS', Th. 6.1]. We denote by S(F 0 ) IS or S n (F Q ) IS the set 
of regular semi-simple elements in S(Fo). An element g £ {/(Co) is regular semi-simple if it is 
regular semi-simple for the action of F[ on {/; equivalently, when g is considered as an element 
in GL n (C) upon choosing a special embedding for U as in the previous subsection, it is regular 
semi-simple for the action of GL„_i on GL n . We denote by U (Co) rs the set of regular semi-simple 
elements in U(F 0 ). 

An element 7 € S(Fq) is matches an element g £ U(Fq) is if these two elements are conjugate 
under GL n _i(C) when considered as elements of GL„(C), upon choosing a special embedding for 
U. The matching relation is again independent of the choice of special embedding, and induces 
a bijection ]35[ §2] 

[l/o(C 0 ) rs ] H [U^FoU] * [S(C 0 ) rB ], 

where on the left-hand side are the respective sets of orbits under H 0 (Fo) and Hi (Co), and on 
the right-hand side the set of orbits under GL n _i(Co). In particular, there is a disjoint union 
decomposition 

S{F 0 ) IS = ,Sj. s ,o H S ISt i, (2.4) 

where S ISt i denotes the set of elements in S(Fq) is that match with elements in Ui(Fo) TS . 


2.3. Lie algebra setting. We also consider a Lie algebra version of the inhomogeneous setup. 
We introduce the Lie algebra version of S n , 

5 := s n := { y £ ResF/F 0 M n | y + y = 0 }. (2.5) 

Then H' = GL n _i acts on s, and we call an element of s(Co) regular semi-simple if its ZC-orbit 
is closed and of maximal dimension. It is again equivalent that the element have closed orbit 
and trivial stabilizer. We denote by s(C 0 ) rs = s„(C 0 ) rs the set of regular semi-simple elements 
in s(C 0 ). 

For i £ {0,1}, let 

Uj := Li eUi. 

An element of Ui(Co) is called regular semi-simple if its orbit under H,; is closed and of maximal 
dimension. We denote by ui(C 0 ) rs the set of regular semi-simple elements in Uj(Co). 

As in mi the choice of a basis for W-, extended by m to a basis for II/, determines an 
embedding U; ResF/F 0 M n , which we again call a special embedding. An element y £ s(Co) rs 
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matches an element x £ u,;(Fo)rs if these two elements are conjugate under GL n _i(.F) when 
considered as elements of M„(F). The matching relation is independent of the special embedding 
and induces a bijection 0 §5] 

[uo(To)rs] II [ui(F 0 ) rs ] ~ [s(F 0 ) rs ], 

where on the left-hand side are the respective sets of orbits under H 0 (F 0 ) and Hi(F 0 ), and 
on the right-hand side the set of orbits under GL n _i(i 7 o). As before, we get a disjoint union 
decomposition 

s(Fo) IS = s rSj o IIs rSi i, 

where s rSi j denotes the set of elements in s(Fo) rs that match with elements in iq(.Fo) rs . 

2.4. Linear algebra characterizations. We now recall the linear algebra characterizations of 
regular semi-simple elements and of their matching, in the inhomogeneous group setting and the 
Lie algebra setting. First we introduce the discriminant A, which is a morphism of varieties 

A: Res f/f 0 -> Res f/f 0 A 

, Ut i+i \ ( 2 ‘ 6 ) 

x i- > det( ex +J e)o<i,j< n -i 

over Fq. We remark that beginning in [}5]we will actually work with a rescaled version of A, 
cf. d?rm 

An element 7 £ S'(i'o) is regular semi-simple if and only if, considering 7 as an clement of 
GL„(F), the sets of vectors and {^7are both linearly independent [TS1 Th. 6. 1]0 

Equivalently, A (7) ^ 0. Hence the regular semi-simple locus inside S is the complement of the 
locus A = 0, i.e. the Zariski-open subscheme 

Sis := S n>ls :={ 7 eS| A (7) ^ 0 }. 

Thus we may write S(Eo) ia and S ia (Fo) interchangeably. 

To x £ M n (F) we associate the following numerical invariants: the n coefficients of the 
characteristic polynomial char^T) £ F[T ], and the n—1 elements l ex l e £ F for i = 1, ..., n— 1. 
Then two elements of S(Fo) IS are conjugate under GL n _i(i 7 o) if and only if they have the same 
numerical invariants when considered as elements of M„(F 1 ), cf. 05]. 

For i £ {0,1} and U = Ui , an clement g £ U(Fq) is regular semi-simple if and only if, when 
considered as an element of GL n (F) via any special embedding, g satisfies the conditions above, 
i.e. the sets of vectors {</*e}£l q and { t e5 I }™T 0 1 are both linearly independent. Equivalently, 
A (g) ^ 0, so that the regular semi-simple set is the Zariski open complement to the locus 
A (g) = 0, and we write C/(F 0 ) rs and C/ rs (F 0 ) interchangeably. Two elements g £ U(Fo) rs and 
7 £ S(Fq)i S are matched if and only if their numerical invariants, when both are considered as 
elements of M n (F), coincide. 

The theory in the Lie algebra setting is entirely analogous. An element y £ s(Fq) is regular 
semi-simple if and only if, considering y as an element of M„(F), the sets of vectors and 

{‘ej/*}”^ 1 are both linearly independent [T8] Th. 6.1]. Equivalently, A (y) ^ 0, i.e. the regular 
semi-simple set is the Zariski open complement to the locus A (y) = 0, and we write s(Fo) rs and 
•Srs(-Fo) interchangeably. Furthermore, two elements of s(F 0 ) rs are conjugate under GL„_i(Fo) 
if and only if they have the same numerical invariants when considered as elements of M TI (F 1 ), 
cf. [IB] . 

For i £ {0,1} and u = iq, an element x £ u(Fo) is regular semi-simple if and only if, when 
considered as an element of M„(F 1 ) via any special embedding, x satisfies the conditions above, 
i.e. the sets of vectors {x'ej^LQ 1 and are both linearly independent. Equivalently, 

A(x) ^ 0, and we again write u(F 0 ) rs and u rs (F 0 ) interchangeably. Two elements x £ u(F 0 ) rs 
and y £ s(Fo) rs are matched if and only if their numerical invariants, when both are considered 
as elements of M n (F), coincide 0 05], 

From now on in the paper, we make the blanket assumption that 

the special vectors uq £ Wq and u± £ W\ have norm 1. 


2 In 1181 . the Lie algebra version is considered, but it is easy to deduce the group version from this. 


(2.7) 
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Under this assumption, we have the following simple formula to distinguish between Wq and W\ 
in terms of the discriminant. 


Lemma 2.1. For i £ {0,1} and any x £ Ui(To)rs, 

??( A 0)) = (-1) 1 - 

Proof. Let u = ut and W — Wi. Let h denote the hermitian form on W. By (12.71) . 

t ex l+3 e = h(u,x l+3 u). 

Since x is in the Lie algebra iq we have h(xv,w) = — h(v,xw ) for all v,vu £ W. Hence 

h(u,x l+3 u ) = (— l) l h(x l u, x 3 u). 

Hence 

A(ar) = det({-iyh(x l u, x 3 u) 0 <i t j<n-i) = (-l) n ( n_1) / 2 det h{x l u, x 3 u) 0 <i t j< n -i- 

Since x is regular semi-simple, the vectors u, xu ,..., x n ~ 1 u form a basis of W. Hence the lemma 
follows from (EH). □ 

2.5. Invariants in the Lie algebra setting. Consider the 2n — 1 maps of varieties over Fq 

Res f/f 0 —> Res^/f^ A 

defined on points by sending x to the quantities 

trA l x, 1 < i < n, and t ex 3 e, 1 < j < n — 1. (2.8) 

When restricted to the subscheme s = s n C Res F/ / Fo M n , each of these maps factors through 
either A C Res F / Fo A or Si C Respy^ A according as i. resp. j, is even or odd. Here we have 
allowed the case n = 1 in the definition (12.51) of s n , i.e. Si denotes the scheme of points y in 
Resp/p 0 A such that y = —y. Upon choosing special embeddings Uo, Ui c —>• Res^y M n , the same 
statement is true of each of the maps in (12.81) when restricted to Uo and iq. Thus we obtain a 
map from each of 5, Uo, and iq into the common (2 n — l)-fold product of the corresponding A’s 
and Si’s; and in the case of Uo and iq, this map is independent of the choice of special embedding. 
These maps into the product of A’s and Si’s are invariant for the respective actions of H', FI o, 
and Hi on s, Uo, and iq, and it is shown in m Lem. 3.1] that they identify the target with the 
categorical quotients s/77', Uq/Hq, and iq/Hi- In other words, the ring of global invariants on 
each of s, Uo, and iq is a polynomial ring over F 0 generated by the 2n — 1 functions (12.81) . 

There is another set of polynomial generators, also given in loc. cit., which will be a little 
more convenient for us to work with. Write a point x in HesF/F 0 M„ in the form 

*=[c 5]» ( 2 - 9 ) 

where the block decomposition is with respect to the special vector e. Then the functions 

trAM, 1 < i < n — 1, cA 3 U, 0 < j < n — 2, and d (2-10) 

realize the categorical quotients s/H’, Uo/i/o, and iq/Hi as above (again after choosing any 
special embeddings Uo,iq ResF/i? 0 M„ for the latter two). Explicitly, for b any of these three 
quotients, the invariants (12.101) induce an isomorphism of schemes over Fq 


n— 1 7i—l 

alternating alternating 

factors factors 

b-» Si x A x • • • x A x si x • • • x si 

x I-> (tr A, tr A 2 H,..., cb, cAb,. .., d). 


( 2 . 11 ) 


3. The moduli space 

In this section we introduce the moduli space of p-divisible groups J\f n over Spf Op. It is an 
analog of spaces appearing in nni mesa on Ea in the unramified setting, but in the ramified 
setting a subtler definition is required to obtain a formally smooth space. In accordance with 
our convention in the Introduction, throughout this section we take To = Q p . Let n > 1 be an 
integer. 
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3.1. Unitary p-divisible groups. Let S be a scheme over Spf Op. A unitary p-divisible group 
of signature (1, n — 1) in the setting of this paper is a triple 

(X, lx, Ax) 

consisting of a p-divisible group X over S, a homomorphism 

lx ■ Of —* Ends (AT), 


and a polarization 


Ax: X 


X s1 


subject to the following constraints: 

• (Kottwitz condition) for the action of Of on LieX induced by Lx, there is an equality of 
polynomials 

char(ixW | LieX) = (T - tt)(T + G O s [T\; 

• (wedge condition) /\% s (lx(tt) + tt | LieX) = 0; 

• (spin condition) if n > 1, then for every point s G S, the operator lx( 7t) | LieX s is nonzero; 

• the Rosati involution on Endg(X) attached to Ax induces the nontrivial Galois automorphism 
on Of', and 

• if n is even, then Ker Ax = X[lx{tl)\, and if n is odd, then Ker Ax C X[lx{tl)\ of height n — 1. 
Let us make a few remarks on the definition. First note that our formulation of the Kottwitz 

condition implies that 


char(tx(a) | LieX) = (T — a)(T + a) n 1 G Os[T] for all aG Of, 

and that ranke> s (LieX) = n. Since X is isogenous to its dual, it follows that X has height 2 n. 
We also note that the Rosati condition on Ax is equivalent to requiring that Ax is Op-linear, 
where Of acts on the dual X v via the rule 


tx v (a) = Lx(a) V - (3.1) 

The wedge condition is due to Pappas [T4]. There is another part to the wedge condition in 
loc. cit., which for signature (1 ,n— 1) is 

AoJ^xW-tr I Lie AT) =0. 

Since LieX has rank n, this condition holds automatically by the Kottwitz condition. Similarly, 
the wedge condition as we have formulated it above is implied by the Kottwitz condition when 
n <2. 

The spin condition is based on the spin condition introduced in jlfij : see Remark 13 . Ill below 
for further discussion. Note that the spin condition is a condition only on the underlying point 
set of S. Since S lies over Spf Op, we have 7r-re(s) = 0 for every point s G S. Thus in the presence 
of the wedge condition, the spin condition is equivalent to the condition that Lx (tt) | Lie X s has 
rank 1 for every s G S. 


3.2. Serre tensor construction. Before continuing, we pause to briefly review the Serre tensor 
construction, which will also play a central role in 

Quite generally, let S be any base scheme, A a commutative ring, M a finite projective A- 
module, and X a contravariant functor on the category of S'-schemes, valued in A-modules. For 
T a scheme over S, define 

(M ® A X)(T) :=M® A X(T). 

When X is a scheme, so is M® A X, and moreover many properties of X are inherited by M® A X. 
See 01 §7]. It follows easily from loc. cit. that M ® A X is a p-divisible group when X is, which 
will be the case of interest to us. In this case, one furthermore has canonical isomorphisms 

(M® a X) v ^M v <8uX v , 

where M v := Hom^(M, A) is the dual A-module; and 

Lie(M X) — M ® A LieX. 
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3.3. Framing objects. In this subsection we consider unitary p-divisiblc groups of signature 
(1, n — 1) over Spec k. The first point of business is that, up to isogeny, there is only one whose 
underlying p-divisible group is supersingular, in the following sense. 

Proposition 3.1. Let (X, ix,^x) and (Y,ty,Ay) be supersingular unitary p-divisible groups of 
signature (1, n — 1) over Specfc. Then there exists an Op-linear quasi-isogeny 

p: X —>Y 

such that p* (Ay) is an F/f -multiple of Xx in Hohiq f (X, X w ). 

Proof. Let M denote the covariant Dieudonne module of X, endowed with its Frobenius operator 
F and Verschiebung V. The polarization on X translates to an alternating form ( , ) on M 
satisfying 

{Fx,y) = {x,V_y) a for all x,y £ M, 

where a denotes the Frobenius operator on W(k ) = Op Q . The ( 3 F-action on X translates to an 
Oy-action on M commuting with F and V and satisfying 

(ax,y) = (x,ay) 

for all x, y. 

Let N := M ®o F Fo denote the rational Dieudonne module of X. Then ( , ) extends to a 
non-degenerate alternating form on N. We must show that the rational Dieudonne module of 
Y is isomorphic to N as a polarized isocrystal (with the polarization taken up to scalar in F 0 X ) 
with F-action. 

Let C € Op satisfy C?m = —p. Since N is supersingular, all slopes of the er-linear operator 

T := (ttVT 1 : N —>N (3.2) 

are 0. Hence 

C := N T=1 

is an Fo-subspace of N such that 

C ®f 0 F 0 —> X-, 

and in this way idc ® cr identifies with r. Furthermore C is F-stable, the restriction of ( , ) to 
C takes values in Fo, and the form 

h(x,y) := {nx,y) + {x,y)n, x,y G C, 

makes C into a non-degenerate F/F 0 -hermitian space of dimension n, cf. [22] PP- 1170-1] @ 
Clearly, to classify N up to isomorphism as a polarized isocrystal with F-action is to classify 
C up to similarity as a hermitian space. When n is odd, all n-dimensional non-degenerate F/F$- 
hermitian spaces are similar, which proves the lemma. When n is even, the two isomorphism 
types of n-dimensional non-degenerate hermitian spaces remain non-similar. By Dieudonne 
theory, the Lie algebra of X identifies with M/V_M = M/ft- 1 M, and the spin condition is that 
dim- j:(fM + 7tt -1 M) /tt -1 M = 1. The condition Ker Ax = X[lx(f)\ translates to M v = 7 x~ l M 
inside N, where the dual lattice M v is the set of x € N such that (x, M) C Op o , or equivalently 
such that h(x,M) C Op. The lemma is now a consequence of the general result in Lemma 13.31 
below. □ 

We will need to prepare a little before coming to Lemma 13.31 Suppose that n is even, and 
let N be “the” n-dimensional non-degenerate F/Fo-hermitian space. Let M be a 7r-modular 
0^,-lattice in N, which is to say that the dual lattice of M with respect to the hermitian form is 
7 t~ 1 M. Let U := U(iV) denote the (quasi-split) unitary group of N over SpecFo- Let K denote 
the stabilizer in U(Fq) of M. Then K is a special maximal parahoric subgroup of U(Fq), and 
all special maximal parahoric subgroups of U(Fq) are conjugate to K ; see e.g. case (b) in [151 . 
§4.a]. We also need the Kottwitz homomorphism on t/(Fo), which is a homomorphism 

k: U(Fq) —> {±1} (3.3) 


"’Note that the quantity q in loc. cit. should be a square root of —e 1 , rather than a square root of t 1 . 
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admitting the following simple description. For any g £ U(Fq), the determinant det f(s) is a 
norm 1 element in F, and n{g) takes the value ±1 according as det^(g) = ±1 mod ir; this follows 
from e.g. HSJ §§3 .b.l, 4.a], or see [TB] §1.2.3(b)] for the closely related case of quasi-split GU n . 

Lemma 3.2. For n even and any g £ U(Fq), «(g) equals 1 or —1 according as the Op-length 
of (M + gM)/M is even or odd. 

Proof. We use the Cartan decomposition. We can choose a split F-basis ei,..., e n for TV (mean¬ 
ing that e% and e 3 pair to 5i, n +\-j under the hermitian form) such that 

M = Ope i + ■ • • + Ope n /2 + Opi re n / 2+ i + ■ ■ • + Opire n . 

Let T be the maximal torus in U whose Fo-points are 

T(F 0 ) = {diag(ai,...,a n/2 ,a“ / 1 2 ,...,aj' 1 ) | ai,...,a n/2 £ F x }. 

Since TV is a special maximal parahoric subgroup, by the Cartan decomposition g = k\tk 2 for 
some hi, k 2 £ K and t £ T(Fq). Then (M + gM)/M = (M + k\tM) / M, which, multiplying by 
kf , is isomorphic to (M + tM)/M. Since k\ and k 2 of course have trivial Kottwitz invariant, 
we have therefore reduced the lemma to the case g = t, where it is obvious. (It may be helpful 
to note that an element of the form a/a, a £ F x , is congruent to (—i) ord ^ Q mod n.) □ 

Lemma 3.3. Let n be even, let C be a non-degenerate F / Fq- hermitian space of dimension n, 
let N := C F 0 , an d let r := idc ® <r. Let M be an Op-lattice in N which is n-modular with 
respect to the induced F / Fo-hermitian form. Then the Op-length of (M + t~ 1 M)/t~ 1 M is even 
or odd according as C is a split or non-split hermitian space. 

Proof. The length in question is the same as the length of the module (M + tM)/M , which we 
will work with instead. Let U denote the unitary group of C over Spec Fo. (In terms of the 
notation in the previous lemma, in this way we view the unitary group of N as defined over Fq.) 

If C is split, then it contains a 7r-modular Cfp-lattice A. Let L := Op ■ A C N. Then M = gL 
for some g £ U(Fq). Hence tM = cr(g)L, and 

(M + tM)/M = (M + a(g)g~ 1 M)/M. 

Since cr(g) and g have the same Kottwitz invariant, we conclude from Lemma 13.21 that the 
0^,-length of the displayed module is even. 

If C is non-split, then it can be expressed as an orthogonal direct sum of a non-split 2- 
dimensional space C\ and a split (n — 2)-dimensional space C 2 . There exists a basis ei, e 2 of C\ 
such that the associated matrix of the hermitian form is of the form 

'1 

-6 

for some b £ Op o \ NO^. Let 8 £ Op Q be a square root of b. Then the vectors 

/i := ei +/3 _1 e 2 , f 2 := ^(ei - /? -1 e 2 ) 

form a split basis of Aq := C\ Fq. Hence L\ := Opfi + Opnf 2 is a 7r-modular lattice in 
N-i. Since C 2 is split, N 2 := C 2 Fq contains a 7r-modular lattice L 2 which is stable under 
idc 2 ® cr. Then the lattice L := L\ ® L 2 in N is 7r-modular, and by inspection, L and tL differ 
by the transformation go £ U(Fq) which interchanges f± and f 2 and is the identity on N 2 . Then 
det (go) = —1, and hence n(g 0 ) = —1. Now we argue as in the case that C is split. Writing 
M = gL for an appropriate g £ U(Fq), we have 

(M + tM)/M = (gL + a{g)rL) / gL = (L + g~ 1 a(g)g 0 L) / L. 

By Lemma f3. 2 1 the length of the module on the right is odd. □ 

In the rest of this subsection we are going to fix particular framing objects (X„, tx„, Ax„), 
n > 1, over Spec k for use in the rest of the paper. When n = 1, we define 

(Xi.txJ := (IE, ie), 
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where as in the Introduction, E is the unique (up to isomorphism) connected p-divisible group 
of dimension 1 and height 2 over Spec k, and ie is an embedding 


(-E: Of Od = Endo Fo (E), 

which makes E into a formal 7r-divisible module of relative height 1. (Recall that in this section 
Fq = Q p .) The Dieudonne module M of E can be identified with W(k) 2 = 0 2 p endowed with 
the Frobenius operator given in matrix form by 


0 

1 


w 

0 


a, 


where tr denotes the usual Frobenius homomorphism on the Witt vectors. To give a polarization 
on E is to give an alternating bilinear pairing on M with associated matrix of the form 

' 0 6 

—5 0 


for 6 € Op o satisfying a(S) = —S. We define the (principal) polarization Ae by fixing any such 
1 5 € O? once and for all. Note that any other principal polarization of E differs from Ae by an 
Op o -multiple. We define 

Axx := —Ae- 

The Fo-algebra D = End^ (E) is the quaternion division algebra over Fq, and Od = Endo Fo (E) 
is its maximal order. The Rosati involution attached to Ae (and to Ax x ) is the main involution 
on D, and therefore it induces the nontrivial Galois automorphism on Op. 

When n = 2, we define 

X 2 := Of ®Of 0 E 

via the Serre tensor construction, with t% 2 given by the tautological Op-action on the left tensor 
factor. Then canonically 

Lie(Op ®o Fo E) = O f ®o Fq LieE 

as ( Of ®o Fq fc)-modules. It is clear from this that (X 2 ,ix 2 ) satisfies the Kottwitz and spin 
conditions. To define the polarization Ax 2 , first note that canonically 

X^O^®o Fo E v 

as 0 F -modules (where Of acts on X)( as prescribed by (13.11) 1: here Op is the Of 0 -linear dual of 
Of, made into an Op-module by the rule 


{x ■ f){y) = f(xy) for x,yeO F , / € Op. 


Define the (injective but not surjective) Op-linear map 

tp: Op — >0^, xi —> [y \ tr F/ p Q (xy)]. (3.4) 

Then we define Ax 2 to be the map 

Op ® OFo E Oj ® Of0 E v 9i (Of ®o Fo X) v . 

Note that Ax 2 is anti-symmetric because ip is symmetric and Ae is anti-symmetric 0 and one 
readily verifies that Ker Ax 2 = X 2 [ix 2 (7r)]. 

The triple (X 2 , tx 2 , ^x 2 ) can be expressed in more concrete terms after choosing an Op 0 -basis 
for Op. Indeed the choice of basis 1, 7r induces an isomorphism of Op 0 -modules 

Op ®o Fo E ~ E x E. (3.5) 

The action of 7r on the left-hand side of this isomorphism translates to the action of the matrix 

0 w 
1 0 


1 There is a mistake in RTj (6.2)]: the S 1 in loc. cit. should be eliminated to obtain an anti-symmetric 

homomorphism into the dual, rather than a symmetric one. 
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on the right-hand side. Using the dual basis to identify Of ®o P() E v — (E v ) 2 , the polarization 
Ax 2 is given by the matrix 


Ae 0 

0 — cuXe 


(3.6) 


Remark 3.4. A framing object in our setting in the case n = 2 is also described in [T2J §5 d)], 
but contrary to the claim made there, it does not give rise to a formally smooth moduli space. 
Indeed this object manifestly does not satisfy the spin condition; or one can check directly 
that the hermitian space corresponding to it (defined as in H3.4I below 1 is split. The object in 
loc. cit. should be replaced with X 2 as we have defined it. 


Now we define framing objects for n > 2. As in the Introduction, we denote by E the same 
Oi^-module as E, but with (Ap-action tg equal to eg. precomposed by the nontrivial Galois 
automorphism. Then Ae is still Op-linear with respect to igr, and we denote it by Agr. If n is 
even, then we define 


and, in matrix form, 


_ rt —O 

X n := X 2 x E . 

n —2 

^X n ■ ^X 2 X ; 


:= Ax 2 x diag 


0 

—/ % t i:( 7r ) 


^e^eM 

0 


0 

— Ajg(.jg(7 r ) 


'V^eM 

0 


(n—2)/2 times 


Then indeed Ker Ax„ = X ra [ix n (71)]. If n is odd, then we define 

(X n ,tx„, Ax n ) := (X n _i x E, tx„_i x ig, Ax n _! x Agr). (3.7) 

Then indeed Ker Ax n C X n [tx„(7r)] of height n — 1. For either parity of n, if n > 1, then it is 
clear that ix„(7r) acts on LieX„ with rank 1. Hence (X„, ix„, Ax„) is a unitary p-divisible group 
of signature (1, n — 1) for all n. 


3.4. Automorphisms of framing objects. For n > 1, let (7 1 — >- (7^ denote the Rosati involution 
on EndQ F (X„) induced by Ax„ ■ Define 

U(X n ) := U(X n ,i Xn , AxJ :={<?£ End^ p (X„) | gg* = id x „ }. (3.8) 

Thus C/(X„) is the group of (Ap-linear self-quasi-isogenies of X ra which preserve Ax n on the nose. 
Next define the space of special quasi-homomorphisms 

V„ := Hom0 p (E, X„); (3.9) 

cf. e.g. na Def. 3.1]. Then is an n-dimensional F-vector space. It carries a natural non¬ 
degenerate F/Fo-hermitian form h: for x,y £ V„, the composite 


E 


A Xr 




E 



lies in EndQ p (E), and hence identifies with an element h(x,y) £ F via the isomorphism 

l E : F —+ EndQ p (E). 

Lemma 3.5. The hermitian space (Y n ,h) is non-split for all n. 


Proof. When n = 1, the space Vi = HorriQ p (E, E) is the — 1-eigenspace in D for the conjugation 
action by ie(tt)j endowed with the hermitian norm (x,x) = —Nx, which is indeed non-split. 
When n = 2, using the Ox^-linear isomorphism X 2 ~ E x E in (13.51) . Y 2 identifies with 


£ M 2 x i(D) 


\ = 


b^( tt) 


b£ D 


For b £ D, one computes from the explicit form (13.61) of the polarization that [ h '''ri 7V '> ] pairs with 
itself under h to — 2wNb. Thus Y 2 has no nonzero isotropic vectors, which characterizes it as 
the non-split hermitian space of dimension 2. 
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To complete the proof for higher n, note that the definition of as a hermitian space makes 
sense for any polarized formal O^-module in place of X„. Doing this for the pair (E, A E ), we 
obtain a 1-dimensional space V\ which is obviously split; and doing this for 


E 


0 A E (- E (7r) 


we obtain a 2-dimensional space V2 which is obviously split. When n is even, we conclude that 

V n “ ¥2 © K, (n “ 2)/2 


is non-split, because it is the orthogonal direct sum of a non-split space and an even-dimensional 
split space. When n is odd, we conclude that 


= V n _i ® V\ 


is non-split, because it is the orthogonal direct sum of an even-dimensional non-split space with 
a split space. □ 


The group t/(X„) acts naturally from the left on V n , and in this way identifies with U (h). 
Thus in terms of the notation (12.21) . we may, and will, choose an isomorphism 


U(X n ) ~ IhiFo) 


(3.10) 


for all n. 


3.5. The moduli space. We now define the moduli space J\f n . For S a scheme over Spf Op, let 

S:= Spec Os/nOs. 

The S'-points on J\f n are isomorphism classes of quadruples 

{X, Lx, Xx, Px), 

where (X, ix, Xx) is a unitary p-divisible group of signature (1, n — 1), and where 

Px'- X xg S * X„ Xg pec j: S 

is an Of-linear quasi-isogeny of height 0 such that Px(Ax„ x Spec p 5) is locally an Oj^-multiple 
of Ax Xs S in HoniQ F (Xij, X-Z), i.e., locally on S, 

P*x(X Xn xSpeck s ) = c (Ax) • (Ax X S S), c(A x)&Op o . (3.11) 

Here an isomorphism between quadruples (X, lx, Ax, Px) —> (T, iy, Ay, py) is an Of-linear 
isomorphism of p-divisible groups a: X — > Y over S such that py ° (a Xs S) = px and such 
that a* (Ay) is locally an Op o -multiple of Ax- 

Each g in the group U (X n ) (13.81) is a quasi-isogeny of height 0, and therefore Z7(X„) acts 
naturally on J\f n on the left via the rule g ■ (X, ix, Ax, Px) = (X, ix, A x,gpx)- 

Remark 3.6. We have formulated the moduli problem defining J\f n in a way that conforms with 
other instances of RZ spaces in the literature, by taking the polarization Ax up to scalar in Op o . 
But the definition can be reformulated without reference to scalar factors: consider the moduli 
problem of quadruples (X, lx, Xx, Px) as above, except where p* x {Xx n Xs pec -^S) is required to 
equal Ax xs S on the nose, and where isomorphisms a as above satisfy a*(Ay) = Ax on the 
nose. If (X, L\, Xx, px) determines a point on this variant moduli problem, then (X, lx, Xx, px) 
also determines a point on A f n , and it is easy to see that this defines an isomorphism from the 
variant moduli problem to M n . In some situations this variant of the moduli problem is a little 
more convenient to work with, cf. Remark 14.11 and the proof of Proposition 16.31 

Example 3.7 (n = 1). Let us make the definition of A f n explicit in the case n = 1. The framing 
object E = Xi is a formal T-divisible (Ap-module of height 1 via le- When S is reduced, any 
framing map p of height 0 into E x g j S as above must be an isomorphism, and it follows that 
A/i is the universal deformation space of E over Spf Op, which is just Spf Op itself. We write £ 
for the universal p-divisible group over A/i, endowed with its O ^-action L £, principal polarization 
A s, and framing p£ : £p E. Of course, the triple ( £,i£,p £) is nothing but the canonical lift 
of (E, le) in the sense of Lubin-Tate theory, as in the Introduction. 
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3.6. Formal smoothness and essential properness. In this subsection we prove the follow¬ 
ing basic result on the geometry of M n . 

Proposition 3.8. The formal scheme N n is formally locally of finite type and formally smooth 
overSpfOp of relative formal dimension n—1 at every point. Ifn is even, thenM n is essentially 
proper over Spf Op. 

Here essentially proper means that every irreducible component of (AA)red is proper over 
Spec k. The proof of the proposition is via the local model , whose definition we now recall in the 
situation at hand. Let 

m := \n/2\. 

Let ei,..., e n denote the standard basis in F n . Let <j> be the (split) F /Fo-hermitian form on F n 
specified by 

4>{aei , bej) = a6<5j,„+i_j (Kronecker delta). 

Let ( , ) be the alternating Fo-bilinear form F n x F n Fo defined by 

(x,y) ■= -tr F/Fo (n*^(j)(x,y)). 

Then 

(nx:,y) = — (x,ny) for all x,y £ F n . (3-12) 

For i = bn + c with 0 < c < n, define the 0 F -lattice 

c n 

A t -.= J2 n ~ b - 1 0 F e J + K- b O F ejCF n . 

j= 1 j=c+l 

For each i, the form ( , ) induces a perfect 0 Fo -bilinear pairing 

A i x A_j —t Of 0 . 

In this way, for fixed nonempty I C {0,..., m}, the set 

A/ := { A* | * € ±1 + nL } 

forms a polarized chain of 0 F -lattices over 0 Fo in the sense of [251. Def. 3.14]. The following 
definition of the naive local model is an alternative formulation of [25] Def. 3.27] in our situation, 
in the case I = {m}. 

Definition 3.9. The naive local model M nalve is the scheme over SpecO F representing the 
functor that sends each 0 F -scheme S to the set of all families 

(Fj C Aj ®OjT 0 Os)ie±m+nI. 

such that 

(1) for all i, Ti is an O f ®o Fo Os-submodule of A,; ®o Fo 
0S"direct summand of rank n; 

(2) for all i < j, the natural arrow Aj 0 Of o O S —> A j ®Of 0 

(3) for all i, the isomorphism Aj ®o Fo Aj_ n ®Of 0 

(4) for all i, the perfect Os-bilinear pairing 

(Aj ®Of 0 ®s) x (A-* ®Of 0 Os) - ’ ^ s > Os 
identifies Ff~ with F_j inside A_j 0 Of o Os; and 

(5) ( Kottwitz condition ) for all i, the section tt ® 1 £ O f ®Of 0 Os acts on T % as an Os-lincar 
endomorphism with characteristic polynomial 

char(7r ® 1 | Ft) = (T - 7r) 71 " 1 ^ + tt) g O s [T}. 

The local model M loc is the subscheme of M nalve defined by the additional conditions 

(6) ( wedge condition ) for all i, 

A (7r <g> 1 - 1 <g> 7T | Ff) = 0; 

' 'Os 

and 


Os which is Zariski-locally on S an 

Os carries T, into Tp 
Os identifies T, Fi- n \ 
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(7) if n > 1, then 7r ® 1 | Ti ®e> s k(s) is nonvanishing for all s £ S and all i. 

Plainly M nalve is representable by a closed subscheme of a product of Grassmannians. Fur¬ 
thermore the inclusion M loc C M naive is an isomorphism on generic fibers, which both identify 
naturally with P^T 1 [15} §1.5.3]. 

Proposition 3.10. M loc is smooth over Spec Of of relative dimension n — 1 at every point, 
and a closed subscheme of M nalve when n is even. 

Proof. This is essentially a matter of collecting results in the literature. Let M A denote the 
closed subscheme of M nalve defined by the wedge condition. Then M loc is an open subscheme 
of M A . As is explained in [T6} §3.3], the geometric special fiber MA alve of the naive local model 
embeds into an affine flag variety for GU^, where it and MA decompose (topologically) into 
unions of Schubert cells. In the present setting, the Schubert cells C r that occur in MA alve are 
described in §2.4 of loc. cit. They are indexed by the rank r of tt <g> 1 acting on T m at each 
point. On the level of topological spaces, it follows from the definitions that MA = Co U Ci and 
Mi oc = C\. Now, Arzdorf [21 Prop. 3.2] and [161 §5.3] show respectively for odd and even n that 
M A contains an open subscheme isomorphic to A^” 1 , and it is immediate from these references 
that this open subscheme is contained in M loc Q Since M loc has generic fiber P^. -1 , and since Ci 
is an orbit for a group action, it follows that M loc is everywhere smooth of relative dimension 
n — 1 . 

Furthermore, when n is even, one readily verifies that the perfect pairing 

Am X A m — y h-rn X A_ m y OFo 

is split symmetric. Hence by conditions m and 0 above, M nalve embeds into the orthogonal 
Grassmannian OGr of totally isotropic n-planes in 2n-space; cf. m Rem. 2.32], The scheme 
OGr has 2 connected components, and it is easy to see that these separate Go, which consists 
of a single point in the special fiber, from the rest of M A . Hence M loc = M A x Go is closed in 
M A , and hence in M nalve . □ 

Remark 3.11. When n is even, and in the presence of the other conditions in the definition 
of M loc , condition 0 is equivalent to the spin condition formulated in [Ill §7.2]. For a general 
signature and parahoric level structure, the spin condition in loc. cit. is not a purely topological 
condition, but in this special case it is; see again Rem. 2.32 and the paragraph following it in 

DU- 

When n is odd, and again in the presence of the other conditions, condition 0 implies the 
spin condition in [16]. Indeed, the spin condition is a closed condition on M naive which is satisfied 
on the generic fiber, and hence on the flat closure of the generic fiber, and we have just seen that 
M loc is smooth, and hence flat, with the same generic fiber. However, 0 and the spin condition 
are not equivalent, since imposing the spin condition on M A does not eliminate the point Go- 

The above relationships are the origin of the term “spin condition” in the definition of unitary 
p-divisible group in 93.11 But, for the reason just explained, note that this is a slight abuse of 
language when n is odd. 

Remark 3.12. More is true when n is odd. Indeed, in this case let N denote the scheme- 
theoretic closure of the generic fiber of M nalve in M nalve . Then N contains M loc as an open 
subscheme, and is itself smooth over SpecO^ by Richarz [21 Prop. 4.16]. The main result of 
126] establishes a moduli description for N , by introducing a condition which is weaker than 
0 above but stronger than the spin condition in 116] . However, this condition is much more 
complicated to state than 0, and for the purposes of this paper it suffices to work just with 0 
instead. 

^Strictly speaking, these references work with signature (n — 1,1), whereas we are working with the opposite 
signature (1, n — 1). But these situations are isomorphic: explicitly, the isomorphism F n -^-y F n given by applying 
the nontrivial Galois automorphism on each factor induces an isomorphism of lattice chains Aj —> A/, which 
in turn induces an isomorphism between the corresponding local models. Also, when n is odd, we note that the 
scheme denoted M loc in [2 does not coincide with M loc as we have defined it. 





20 


M. RAPOPORT, B. SMITHLING, AND W. ZHANG 


The link between Propositions 13.81 and 13.101 is via the local model diagram [25] . Let A/'" alve 
denote the moduli functor over SpfO^, defined in the same way as A f n , except without the 
wedge and spin conditions. By [25]. Th. 3.25], A/" aalve is representable by a formal scheme which 
is formally locally of finite type over Spf Op. We will see in the course of proving Proposition 
13.81 below that the inclusion 

a r n c A^ aive 

is a locally closed embedding, and a closed embedding when n is even. 

Let A/” aalve denote the functor that associates to each scheme S over Spf Op the set of iso¬ 
morphism classes of quintuples 

( X , L X , \x,PX,l), 

where (X , lx, A.y, px) € A raaive (5), and 7 is an isomorphism of polarized chains of Of ®Of 0 Os- 
modules 

[... M(X) M(X) •• •] ^4 A {m} ®o Fo Os 

when n is even, and 

[ - * M(X) M(X V ) -*4 ■ • • ] ^4 A {m} ®o Fo Os 

when n is odd, in the terminology of [25]. Let us explain the notation. We have denoted by M 
the functor that assigns to a p-divisible group the Lie algebra of its universal vector extension. 
Our requirements for lx and Xx imply that there is a unique (necessarily (Ap-linear) isogeny 
p: X v X such that the composite 

i4i v 4i 


is l_ y ( 7 t ); thus p is an isomorphism or of height 1 according as n is even or odd. Upon applying 
M. this diagram extends periodically to the chains appearing above (and it explains the source 
of the chain’s polarization when n is even). 

The functor A raalve is representable by a formal scheme over Spf Op, and it sits in a diagram 



Here ip is the natural map that forgets 7; it is a torsor under the automorphism scheme of A{ m } 
as a polarized O^-lattice chain over Of 0 , which is smooth. The arrow on the right sends an 
5-point {X,L X ,Xx,px,~f) to the family (A) C Aj ® 0fq Os)ie±m+ n z, where for each i, is the 
image under 7 in Aj®o Fo of the Fil 1 term in the covariant Hodge filtration for the p-divisible 
group. With this in hand, we now arrive at the proof of Proposition 13.81 


Proof of Proposition^^ The key point is that by (25[ Prop. 3.33], after passing to an etale 
cover U —> A/’ aalve , the map p> admits a section s such that the composite U —f M^ v q^ in the 
diagram 



is formally etale. We claim that the respective inverse images of Af n and in U coincide. 

In fact, we will show that the respective wedge conditions on the one hand, and the spin condition 
and condition ([7]) on the other hand, separately pull back to equivalent conditions on IA. 

First consider the wedge conditions. Let (A) C A, ®o Fo dM n *™)i denote the universal object 
over jH nalve . For fixed i, consider the tautological exact sequence 


Tr 


A i ®o F „ C* 


j^naive 


(Aj ®Of 0 0 M n^)/Xi —> 0. 


(3.13) 
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It is easy to see that on the explicit affine charts on M nalve calculated in [TBJ §5.1-5.3], 

2 2 

A (7T ® 1 - 1 ® 7T | Fi) = 0 <*=>• A (t <g> 1 + 1 <8> 7T | (Aj ®Of 0 = 0. 

' 'Cm naive naive 

Since these charts meet every Schubert cell in the special fiber (after embedding the geomet¬ 
ric special fiber into an affine flag variety, as discussed in the proof of Proposition 13.101) , the 
equivalence in the display holds on all of M nalve @ Now consider the 0 M naive -linear dual of 

(E33D, 

0 > ((A; ®Of 0 O M naive )/-Ai) —t (Aj ®Of 0 Oif n * ive ) v —•7q 0. 

The isomorphism A_j ®o F Ojvf naive —► (Aj ®o F 0 M naive) v induced by ( , ) identifies T-i with 

((A i®o Fo aive ) I XF j)^ by condition (|_JJ) , and it identifies the operator tt (/) 1 on A , C® C) t- tl dAyj nai ve 

with —7T®1 on (Aj®o Fo 0 M naive) v by (13.121) . It follows from these observations and from condition 
0 that the wedge condition on M nalve holds for all i as soon as it holds for a single i, and that 
it and the wedge condition on A/”" alve pull back to equivalent conditions on U. 

Now consider condition 0 on M naive . This condition is automatically satisfied in the generic 
fiber, so let S be the spectrum of a field n which is an extension of k. Let (Jq C A, ®o Fq K )i be 
an S'-point on M nalve . Since Ker(7r ® 1 | Aj ®o Fo K ) = I m (7r ® 1 | Aj ®o Fq «)> we have 

(7T®l|J r j)=0 Ji = (TT ® 1) • (Aj ® OFo K) (-7T ® 1 | (Aj %o Pq K)/fi) = 0. 

Using conditions 0 and 0, it follows as above that 0 holds for all i as soon as it holds for a 
single i, and that it and the spin condition on A/’ aalve pull back to equivalent conditions on U. 

Thus we have shown that A f n and Mg“ c to . have common inverse image in U. We conclude 
that J\f n C J\f aalve is a locally closed embedding in general and closed embedding when n is even, 
since the same is true of M loc C M naive . Thus J\f n inherits the property of being formally locally 
of finite type from A/”" aive . By Proposition 13.101 it also follows that A f n is formally smooth over 
Spf Op of relative formal dimension n—1. Finally, by Prop. 2.32 and the proof of Th. 3.25 in 
[251 . A/"" alve is essentially proper over Spf Op. Thus the same is true of A f n when n is even. □ 

Remark 3.13. In analogy with Remark l3.121 when n is odd, one can replace the spin condition 
in the definition of M n with a weaker condition, based on the one introduced in |26j , to obtain an 
essentially proper, formally smooth formal scheme containing N n as an open formal subscheme; 
see [20J §7]. Although this formal scheme is in some sense a “better” object, its definition is 
more complicated to state, and for our purposes it suffices to work with J\f n as we have defined 
it. 


4. Intersection numbers 

In this section we define the intersection numbers that appear in our AT conjectures. Let 
n > 3 be an odd integer. 

4.1. The morphisms 5jy and Ajy. We begin by introducing some closed embeddings of moduli 
spaces. As in the Introduction, over Op we have the canonical lift £ of E equipped with its action 
L£ : Of — > End(f), its principal polarization Xg, and its framing isomorphism pg: £-p E; see 
also Example [30 We further have the quadruple (£, ip, X-p, pp), where £ is the same underlying 
p-divisible group, where the OjF-action ip is obtained by precomposing l g with the nontrivial 
Galois automorphism on Oj?, and where Xp = A g and pp = pg. 

Using (£, ip, Xp, pp), we define a morphism of formal moduli schemes 

8 *: AC-i e ^AC aive (4.1) 

as follows. Let S be a scheme over SpfO^,, and let (' Y,iY,Xy,py ) € A/’" al ™(5 1 ), cf. § 113.51 HTBl 
Then locally on S there exists cy 6 Op o such that Py(Xx n _i x s pe cfc 50 = cy ■ (Ay Xg S), 


^Strictly speaking, when n is odd, m computes an affine chart for a different maximal parahoric level structure 
than the one we are using. But the calculations in Q10 are easily adapted to our case. See also Arzdorf [2]. 
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cf. (13.111) . Recall that for odd n we have the framing object X„ = X n _i x gpec -£ E and its 
polarization Ax„ = Ax„_ x x Ag. We define 

<W: {Y,ly,^y,Py) 1 —> (Y x £,ly x tj,X y x c^Ag, py x pg). 

This is a well-defined morphism of functors. Indeed, (py x pp)* (Xx n _! x Ag) = cy(Ay x CyAg). 
Furthermore, if (y, ty,Ay,py) is isomorphic to (Y 1 , iy', Xy, py), then there exists an Ojr- 
linear isomorphism a: V' —> y compatible with py< and py, and such that, locally on the 
base, 7A y> = a* (Ay) for some 7 6 O£ o . But then cy/ = 7Cy, from which one verifies that 
a x idg: Y' x £ A Y x f defines an isomorphism from 5jg(Y', ty', Ay', py) to Sjp(Y, ty, Ay,py). 

Remark 4.1. If one uses the variant formulation of the moduli problem defining J\f n given in 
Remark l3.61 where cy is required to equal 1, then it is essentially obvious that 5jg is well-defined. 

Lemma 4.2. The map Sj\f induces a closed embedding of formal schemes 

S_\f ■ Afn—l t Xf n . 

Proof. To see that Sjg carries Af n ~i into M n , let (V, t, A, p) be a point on Af n - 1. Then (t x tg)(7 t) | 
Lie(y x £) is pointwise nonvanishing because i(n) | LieU is, and Sjg(Y, 1 . A, p) satisfies the 
wedge condition because (V, 1 , A, p) does and because r) + 7r | Lief) = 0. That Sjp is a 
closed embedding follows from the facts that it is obviously a monomorphism, that Af n -1 is 
essentially proper over Spf Op by Proposition 13.81 and that Af n is separated over Spf Op by |H 
Lem. 2.3.23]. □ 

Using Sjg-, we obtain a closed embedding of formal schemes (again using separatedness of Af n ), 

• -A/n—1 “ ^ *A/n—1 ^SpfO^. *A/n* 

Let us conclude this subsection by explaining the equivariance properties of the maps and 
A jg-. Since n is odd, the non-split hermitian space V„ = HomQ F (E,X„) in (13.91) has a canonical 
special vector u of norm 1, namely 

u := (0, idg) € HomQ F (E, X„) = Hom^ (E, X„_i x E). (4.2) 

The stabilizer of u in I/(X„) = U(V„) identifies with t/(X„_ 1). In this way we obtain an 
identification of 

Ri(F 0 ) C Ui(F 0 ) with f/(X„_!) c C/(X„), (4.3) 

as in (13.1 HI) . Via these identifications, Hi(F 0 ) acts onJV n _i, Ui(F 0 ) acts on AT n , and the product 
Gw 1 (F 0 ) = Hi(Fo)xUi(Fo) acts on Af n -i Xs P f o p Xf n . The maps Sjg- and Ajy are then equivariant 
for the action of Hi(Fq), i.e. 

r{h ■ (y iy, Ay,py)) = h ■ Sj^((Y, i Y , Ay,py)), 

Ajg-(h- (y, ty,Ay,py)) = h- Ajv((y,iy,Ay,py)), 

where L/i(Fo) acts via its diagonal embedding into G'uy (To) on the right-hand side of the second 
equation. 

4.2. Homogeneous setting. We now use Ajy to define intersection numbers. We start with 
the homogeneous case. Define the closed formal subscheme of Af n -i x s P fO # Xf n , 

A := A aA (AT„_i). (4.5) 

Of course this is not to be confused with the discriminant (EH); throughout the paper context 
should suffice to make the meaning of A clear. For g £ Gwi(Fb), we define the translate 

A 9 := gA. (4.6) 

We then define the intersection number of A and A g by the Euler-Poincare characteristic of the 
derived tensor product (cf. [TU ] ). 

Int( 5 ) := (A, A g ) := X (0 A ^0 Ag ). 


(4.7) 
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Note that, since Af n -1 Xs p fo # Af n is a regular formal scheme by Proposition 13.81 this derived 
tensor product is represented by a finite complex of locally free coherent modules. Furthermore, 
the intersection A D A g can be identified with 

AnA s = A^(A 9 ), 

where A and A g are closed formal subschemes of M n -i Xs P f o p Af n . It follows that A fl A g may 
be identified with a closed formal subscheme of M n -i- Since n — 1 is an even integer, the formal 
scheme Af n -i is essentially proper over Spf Op by Proposition ^. 81 It follows that Int(gf) is finite, 
provided that the underlying reduced scheme of the intersection A fl A g is of finite type over 
SpecO^., and that the ideal of definition of this formal scheme is nilpotent. Indeed, under these 
conditions, A fl A g will be a scheme X proper over SpecO^, with support in the special fiber, 
and the cohomology groups of any perfect complex of Ox-modules are finite length O^.-modules, 
and there are only finitely many of them. For situations where we can make sure this happens, 
see Remark 14.51 below. 

Remark 4.3. We note that Int(gf) only depends on the double coset of g modulo Hi{Fq) (with 
respect to the diagonal embedding Hi(F 0 ) C Gu/^Fb)). Indeed, the equivariance property (14.41) 
implies that 

hA = A for all h £ Ffi(Fb). 

Hence 

A g h 2 = gh 2 A = gA = A g , 

and 

(A, A high2 ) = (A, A hig ) = (A,/nA g ) = {h^A, A g ) = (A, A ff >. 

4.3. Inhomogeneous setting. For the inhomogeneous case, we recycle notation by introduc¬ 
ing, for g £ U\(F 0 ), the closed formal subscheme of Af n -1 x S P fO # Af n , 

A g := (1 x g) A, (4.8) 

and setting 

IntQ?) := (A, A g ) = X (0 A 0 Ag ). (4.9) 

The same remarks as in the homogeneous case above apply to this definition. 

Remark 4.4. It follows from Remark l4.3l that in the inhomogeneous setting, Int(g) only depends 
on the orbit of g under the conjugation action of Ffi(Fb). 

Remark 4.5. Identify Ui(Fq) with f7(X„), and Gu/i(Fb) with t/(X n _i) x f/(X„), according to 
(TOl) . We claim that for any g £ Gi irs (Fb) in the inhomogeneous case, or any g £ Gwi,is{Fo) hr 
the homogeneous case, the quantity Int(g) is finite. More precisely, we claim that in either case, 
the intersection of A and A g inside A/"„_i Xo # A f n is a scheme over Spf Op (i.e., any ideal of 
definition of this formal scheme is nilpotent) which is proper over SpecO^.. 

Indeed, for simplicity, let us consider the inhomogeneous case. Then the proof of [551 Lem. 2.8] 
goes through, although we are lacking at the moment a suitable reference for the global facts 
used in loc. cit. The argument is based on the relation with KR divisors m ■ Namely, let 
Z(u) be the special cycle defined by the special vector it = u\. Then there is the identification 
Z{u) = 6j\f (J\f n —i)• Via the second projection there is an identification An A g C W®. Therefore 
we obtain an inclusion 

A n A g C Z{u) n Z(gu) n • • • n Z{g n ~ 1 u). 

But since g is regular semi-simple, the vectors u,gu,... ,g n ~ 1 u in V ra are linearly independent, 
cf. 92.41 In other words, the fundamental matrix of the special divisors Z{ it),... ,Z{g n ~ 1 u) is 
non-singular. Now we approximate the vectors u,gu,... ,g n ~ l u by “global vectors” iq,... ,v n , 
and we imitate in the present ramified case the global argument of [55] Lem. 2.8], which shows 
that there is a chain of inclusions of schemes 

z(u) n z(xu) n • • • n z{x n ~ x u) c z(y i) n z(v 2 ) n • • • n z(y n ) c Sh ss . 

Here Sh ss denotes the supersingular locus of the integral model of the global Shimura variety, 
and we are implicitly using nonarchimedean uniformization to make these identifications. (In 
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the unramified situation the Z(vf) are relative divisors on Sh, whereas in our ramified situation 
we can only assert that the underlying point set has codimension one.) 

On the other hand, in the case n = 3, we will show directly in Theorem 15.211 below that 
A fl A g is an artinian scheme whenever g £ Ui, ts (Fq). The proof of this does not use a global 
argument. 

4.4. Lie algebra setting. It would be interesting to transpose the above to the Lie algebra 
case. To this end, first note that the closed formal subscheme (|4~8j) can be identified with the 
closed sublocus of points ((Y, ty,Ay, py), (A, lx,^x,Px)) £ Afn-i xg p f o p Nn where 

the quasi-endomorphism g: X n —> X„ lifts to a homomorphism Y x £ —> A. (4-10) 

Here we recall from (ED that X„ = X„_i x E by definition, and by “lifts” we mean with respect 
to the framings py of Y , resp. pj of £, resp. px of A. 

Note that condition (14.101) still makes sense when g is replaced by any quasi-endomorphism 
X„. Hence we may replace the formal subspace A s = (1 x g) • A^(A/’„_i) in the inhomogeneous 
version above by the analogous subspace A^,, for any x in the Lie algebra Ui of Hi. Unfortunately, 
we do not know how to give a reasonable definition of Int(x) = (A, A^) in general, cf. our remarks 
in the Introduction. Here by “reasonable” we mean that at least, as in Remark 14.31 Int(x) only 
depends on the conjugation orbit of x under Hi(Fq), and that if A fi A x is an artinian scheme , 
then Int(a;) coincides with the length of An A x . One problem, pointed out to us by A. Mihatsch, 
is that it may happen that the formal dimension of A a, is smaller than n. 

Remark 4.6. For any quasi-endomorphism x of X n and any hi,h 2 £ -Hi(-Fo), it is elementary 
to verify that 

(h 2 x h\)A x = A hixh -i. 

Taking h\ = h 2 =: h , and taking Hi(Fq) to act diagonally on Af n -i ><SpfO # Af n as before, we 
conclude that the formal subspaces An Aj and A D A hxh -i = A D hA x = h( A D A x ) are 
isomorphic. 

Remark 4.7. Similar to Remark 14.51 the intersection A D A x is a scheme proper over Spec Op, 
provided that x £ Ui jrs (i 7 b). Indeed, the same proof works, once the following two observations 
are taken into account. First, 

AnAjC AnAji, i > 1. 

Indeed, abusing notation in the obvious way, the left-hand side is the locus of points (Y, A) in 
Afn-i x g p f Op AT n where Yxf ~ A and where x lifts to an endomorphism of A. It is clear that 
then also x l lifts as an endomorphism of A, for any i > 1. Second, for any y £ Endo F (X n ), 

A y C Z(yu). 

Indeed, the restriction of y: Y x £ —> X to the second factor coincides with the homomorphism 
yu: E — > A, and hence the locus where y extends to a homomorphism is contained in the locus 
Z(yu) where the homomorphism yu extends. We conclude that 

A n Aj, c z(u) n z(xu) n • • • n z(x n_1 M), 

and the proof proceeds from here as in the group case. 

We also conjecture the following partial converse to Remarks 14.51 and 14.71 

Conjecture 4.8. Let g £ Gwi(Fq) be semi-simple (i.eits orbit under FL\ x Hi is Zariski- 
closed). If the intersection of A and A g inside M n -\ Xo 6 Af n is a nonempty scheme proper over 
Spec Op, then g is regular semi-simple. The inhomogeneous version for g £ Ui(Fo) and the Lie 
algebra version for x £ Ui(Fb) instead of g also hold true. 

5. Conjectures and main results 

In this section, we formulate the general conjecture that is addressed in this paper. Following 
the case distinctions we have made earlier, we will formulate three variants: a homogeneous 
version, an inhomogeneous version, and a Lie algebra version. We continue to denote by F/Fq 
a ramified quadratic extension (and assume p ^ 2). Throughout this section, n > 3 is an odd 
integer. 
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5.1. Homogeneous setting. For 7 £ G'(Fq) is , for a function f £ and for a complex 

parameter s £ C, we introduce the weighted orbital integral 


Orb (7 ,f',s):= [ f'(h 1 1 jh 2 )\deth 1 \ s r](h2)dh 1 dh2. 

Jh' 12 (f 0 ) 


(5.1) 


Here 77 = t/f/Fq is the quadratic character corresponding to F/Fq , and we are using a product 
Haar measure on H' 12 (F 0 ) = F[[(F 0 ) x H 2 (F 0 ). Also, for 

h 2 = (h’ 2 ,h'i [) £ H' 2 (F 0 ) = GL^Fq) x GL„(F 0 ), 

we write 77 (^ 2 ) for ? 7 (det/i 2 )- Note that det hi is an element of F, and we are taking the 
normalized absolute value on F in ( 15 . 11 ) . We also introduce 


Orb(7,/') := Orb( 7 ,/', 0 ) and 0 Orb( 7 ,/') 


d_ 

ds 


Orb (7 

s—0 


The integral in EH is absolutely convergent, and 

Orb(/iC 1 7 /i 2 ,/') = 77 (/i 2 )Orb( 7 ,/') for (/ii,/i 2 ) G H[ 2 (F 0 ) = #{(i'o) x H 2 (F 0 ). 

Now let i £ { 0 , 1 }, and set W := W; and iL := Hi. For g £ Giv(F 0 ) rs and for a function 
/ £ G£°(Gw), we introduce the orbital integral 


Orb {g,/)■■=[ f(h 1 1 gh 2 )dh 1 dh 2 . 

JH(F 0 )xH(F 0 ) 

Here on H(Fq) x H(Fq) we take a product measure of identical Haar measures on H(Fq). 

Dual to the matching of regular semi-simple elements discussed in is the transfer relation 
of functions on G'(Fo), Gw 0 (Fq). and Gvu 1 (Fb). To define this, recall that a transfer factor is a 
function Cl: G'(Fo) IS —> C x such that 

fi(/if 1 7/i 2 ) = 77(712)^(7) for all {hi,h 2 ) £ H' 12 (F 0 ) = H[(F 0 ) x H 2 (F 0 ). 

Transfer factors always exist, and we will specify our particular choice below. 


Definition 5.1. A function /' £ G£°(G') and a pair of functions (/o, / 1 ) £ C^ o (Gw 0 )xG)) o (Gru 1 ) 
are transfers of each other, or are associated (for the fixed choices of Haar measures and a fixed 
choice of transfer factor and a fixed choice of special vectors Ui in Wj), if for each i £ { 0 , 1 } and 
each g £ G Wi (F 0 ) IS , 

Orb (g, ft) = 0 ( 7 ) Orb( 7 , /') 

whenever 7 £ G'(Fo) rs matches g. 


In the specific case at hand, we will take the transfer factor O = u to be given by the following 
formula. Let rj be an extension of 77 from Fq to F x (not necessarily of order 2). Then we takqj 

w ( 7 ) : = 77 (det( 7) _(n_1) /2 det(7 z e) i=0 ,...,n-i), (5.2) 

where for 7 = ( 71 , 72 ) £ G'(F 0 ) rs we set 7 = s( 7 ) = (7f 1 7 2 )( 7 r 1 72 ) 1 G S n (F 0 ), and where we 
recall the column vector e = (0,..., 0,1) £ F n . We point out that 

det(7) -(n-1) /2 det(7 l e) i=0 ,i,...,„-i 

is an eigenvector under the Galois involution, i.e., it is in either Fq or fFq. 

Let us fix the rest of the choices that go into the statement of our AT conjecture. We normalize 
the Haar measure in EH by assigning the subgroup F[[(Of 0 ) = GL n _i(Oi?) measure 1 , and by 
taking the product Haar measure on Ft 2 (F 0 ) = GL„_i(Fo) x GL ra (F 0 ) such that GL„_i(O_f 0 ) 
and GL n (Of 0 ) have measure 1. On the unitary side, recall from (12.71) that we assume that the 
special vectors uq £ Wq and u\ £ Wi have norm 1 . Since n is odd, it follows that the perp 
spaces Wq and W\ are the respective split and non-split non-degenerate hermitian spaces of 
dimension n — 1 . Since Wq is furthermore even dimensional, it contains a tt- modular lattice [HI 
Prop. 8.1(b)], that is, an Op-lattice Aq such that (Ag) v = 7 r _ 1 Ag, where (Ag) v C Wq denotes 
the set of elements that pair with Aq to values in Of under the hermitian form. We fix such a Ag 
and denote by Kq its stabilizer in H 0 (Fq). We normalize the Haar measure on Hq(F 0 ) such that 


r 


Note that in this paper our choice of various transfer factors is slightly different from that in EZJ. 
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Kq gets measure 1. The normalization of the Haar measure on Hi(Fq) will not be important for 
us. We set 

A 0 := Ag © O F u 0 , (5.3) 

which is a nearly n-modular lattice in Wo, i.e. Ao C Aq C 7 t _ 1 Ao with 7 t _ 1 Ao/Aq of length 1. 
We denote by K 0 the stabilizer of A 0 in Uq(F 0 ). 

Remark 5.2. The maximal compact open subgroup Kq C Hq(Fo) is a special maximal parahoric 
subgroup in the sense of Bruhat-Tits theory. The maximal compact open subgroup K 0 C Uq(F 0 ) 
is the full stabilizer in Uo(Fq) of a special vertex in the (extended) building, and contains the 
associated maximal parahoric subgroup with index 2. See [T5] §4.a]. These subgroups have 
symplectic reduction in the sense that the quotients (Aq) v /Aq and Aq /Aq have dimension n — 1 
over the residue field fc, and the hermitian form on the ambient space induces a non-degenerate 
alternating bilinear pairing on both. 

We now state the homogeneous version of the arithmetic transfer conjecture in the case at 
hand. For g £ Guy(Fo), recall the intersection number Int(g) from (14.71) . 

Conjecture 5.3 (Homogeneous AT conjecture). 

(a) There exists a function f £ Cf°(G') which transfers to (l^b x ^ 0 , 0) £ Cf°(Gw 0 ) >< Gf o (Gw 1 ), 
and which satisfies the following identity for any 7 £ G'(Fq ) rs matched with an element g £ 

Gw! (Fo) rs- 

w(t) dOrb(7, /') = -Int(g) • log <7. 

(b) For any f £ C£°(G') which transfers to (l^ X if 0 ’ 0) £ Gf°(Gw 0 ) x Gf°(Gw 1 ), there exists a 
function /' orr £ Cf° ( G ') such that for any 7 £ G'(Fo) rs matched with an element g £ Guy (Fq ) rs , 

w(7) 90rb(7, /') = -Int(cj) • log q + u(j) Orb(7, /' orr ). 

Remarks 5.4. (i) Both sides of these identities depend only on the respective orbits of 7 and 
g: for the right-hand side this follows from Remark 14.31 and for the left-hand side, this follows 
from Orb(7,/') = 0 for any 7 £ G'(Fo) rs matched with an element g £ Guy(Fo) rs , which holds 
because f transfers to 0 on Guy (To)- 

(ii) Part jHj) of Conjecture 15.31 follows from part (£ 0 ); see Proposition 15.141 below. The converse 
© =>■ (0 would follow from a conjectural density principle ('Coniecture l5.16D : see Lemma 15.181 
below. 

(iii) The function /' in Conjecture 1 5. 3117)11 cannot be taken to lie in the Iwahori Hecke algebra of 
G'(Fo) = GL n _i(F) x GL n (F") due to the presence of the ramified quadratic character 77. It is 
tempting to guess that such an /' could be taken in the pro-unipotent Hecke algebra of G'(Fq), 
i.e., to be bi-invariant under the pro-unipotent radical of an Iwahori subgroup. But even in the 
case n = 3 we do not know how to prove this. 


5.2. Inhomogeneous setting. Now we give the inhomogeneous version of the conjecture. Re¬ 
call the scheme S = S n = {g £ Res f /f 0 GL n | gg = l n }. For 7 £ S(F 0 ) IS , a function /' £ C%°(S), 
and a complex parameter s £ C, we introduce the weighted orbital integral 


Orb(7 J',s):=f f'(h~ 

JH'(F 0 ) 

as well as the special values 


1 7h)|det h\ s r](h) dh , 


(5.4) 


Orb(7, /') := Orb(7, /', 0) and <90rb(7, /') := — 


s=0 


Orb(7, /', s) 


Here we write rj(h) for rj(deth), as in the Introduction. Note that det h £ Fo, and in (15.41) we 
are taking its absolute value for the normalized absolute value on Fo. As in the homogeneous 
setting, the integral defining Orb(7, /', s) is absolutely convergent, and 

Orb (h-^h, f) = 77(h) Orb( 7 , /') for all h £ H'(F 0 ) = GL„_ 1 (F 0 ). 

For i £ {0,1}, set U := U t and F[ := Hi. For g £ U(F 0 ) rs and a function / £ C%°(U), we 
similarly introduce the orbital integral 

Orb (g,f):=f f(h~ 1 gh)dh. 


H(F 0 ) 









ON THE ARITHMETIC TRANSFER CONJECTURE FOR EXOTIC SMOOTH MODULI SPACES 


27 


A transfer factor on S(F 0 ) IS is a function it : S(F 0 ) rs — > C x such that fl(/i _ 1 7 /i) = ry(/i)f 2 ( 7 ) 
for all 7 G S(Fo) rs and h G H'(F 0 ). Quite analogously to the homogeneous setting, in the case 
at hand we take the transfer factor = ui given by 

w ( 7 ) : = iji(det( 7) _(n_1)/2 det( 7 *e) i= 0 ,...,„-i). (5.5) 

By definition, this is compatible with the transfer factor (15.21) on G'(To) in the sense that, for 
7 € G'(Tb), 

v(l) = w(s(7))- (5-6) 

We take the other normalizations (the length of the special vectors, the Haar measures on 
H'(Fq) and iT(To)) and the notation Kq as in the homogeneous setting. The transfer relation 
for functions is the following. 

Definition 5.5. A function /' G C£°(S) and a pair of functions (/o,/i) G C£°(Uo) x C£°(C/i) 
are transfers of each other, or are associated , if for each i G {0,1} and each g G Ui(Fo) IS , 

Orb (g, ft ) = ui( 7 ) 0 rb( 7 , /') 

whenever 7 G S(Fq) rs matches g. 

The inhomogeneous version of the conjecture takes the following form. 

Conjecture 5.6 (Inhomogeneous AT conjecture). 

(a) There exists a function f G C£°(S) which transfers to (1a o ,0) G G£°(f7o) x C%°(Ui), and 
which satisfies the following identity for any 7 G S(Fq) is matched with an element g G t/i(To) rs : 

2 w( 7 ) <90rb(7, /') = -Int(g) • log < 7 . 

(b) For any f G C£°(S) which transfers to (l/f o ,0) G G£°(f7o) x there exists a function 

fc OTT G C%°(S) such that for any 7 G S(Fq) is matched with an element g G Ui(Fo) IS , 

2 w( 7 ) aOrb( 7 , f) = -Int(ff) • log q + u(j) Orb( 7 , /' orr ). 

Note that there is a factor of 2 in Conjecture 15.61 which is not present in Conjecture 15.31 this 
is due to the fact that the restriction to To of the normalized absolute value of F is the square 
of the normalized absolute value of To, cf. Lemma o and its proof below. 

In the rest of this subsection, we show that Conjectures 15.81 and 15.61 are equivalent. 

Lemma 5.7. Let f G C£°(G'), and define the function f on 5(To) by, for g G GL„(T 1 ), 

f'(gg~ 1 ) : =[ f\h 1 ,h 1 gh 2 )dh 1 dh 2 . (5.7) 

J GL n _i(E) xGL n (Fo) 

(i) /' G and every element in C%°(S) arises in this way. 

(ii) For all 7 G G'(F 0 ) rS) 

Orb( 7 , /') = Orb(s( 7 ), /'). (5.8) 

(iii) If f transfers to (/o, 0) for some /o G C£°(Gw 0 )> then there exists a function (f>' corl G Cf°(G') 
such that for any 7 matching an element in Gw 1 {Fo) rs , 

aOrb( 7 , /') = 2 aOrb(s( 7 ), /') + Orb( 7 , #. orr ). (5.9) 

Proof. Part 0 is clear; we show parts El) and EH)- Note that for any ( 71 , 72 ) G G'(F 0 ) = 
GL„_!(F) x GLnfT 1 ), 

Orb((7i,7 2 ),/',s) = |7i| -s Orb((l,7 1 - 1 7 2 ),/',s). 

Therefore the left-hand side of (15.81) is invariant if we replace ( 71 , 72 ) by (1, 7 ) _ 1 7 2 ), and the same 
is true of the left-hand side of m when f and ( 71 , 72 ) satisfy the assumptions of (lull) , since 
then Orb(( 7 i, 72 ),/') = 0. Hence it suffices to consider elements of the form ( 1 , 7 ) G G'(To) rs . 
By definition, 

°rb((l ,7 ),/',s)= f f'(hf 1 ti 2 ,hf 1 'yh 2 )\deth 1 \ s ri(ti 2 )dh 1 dti 2 dh 2 , 

Jhi 3 (f 0 ) 
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where hi £ H[(F 0 ) = GL n _i(F) and (h' 2 ,h 2 ) £ H 2 (F 0 ) = GL„_i(F 0 ) x GL n (F 0 ). Replacing hi 
by h' 2 hi, we have 

Orb((l, 7 ), f, s) = [ f'(hf 1 ,hf 1 (h' 2 )~ 1 ')h 2 )\Aet(h' 2 hi)\ s 'q(h 2 )dhidh l 2 dh 2 . 

This is equal to the sum of 


and 


/ /'(/ 7 1 , V4') |det h' 2 \ s r)(h' 2 ) dhi dh' 2 dh " 

Ih^Fo) 

/'(hi 1 , hf 1 (h 2 )~ 1 'yh 2 )(\det hi\ s — 1 )|det h 2 \ s r](h 2 ) dhi dh 2 dh 2 . 


J H' 1 > 2 (F 0 ) 

Comparing with the definition (15.411 . we see that the term (15.101) is equal to 


/GL n _!(Fo) 


f'{(K) *77 1 h 2 )\deth , 2 \f o r](h 2 )dh , 2 = 0 rb ( 7 7 \/', 2 s). 


(5.10) 

(5.11) 


The term (15.111) has an obvious zero at s = 0 for all regular semi-simple elements ( 1 , 7 ). This 
proves part (El). To prove part ([mil . we note that, since |det hi\ s — 1 has a zero at s = 0, the first 
derivative of the term (15.111) evaluated at s = 0 is equal to 


/ f ip-i 1 ) hi 1 (h 2 ) 1 'yh 2 )r](h 2 ) log|det hi\dhi dh 2 dh 2 . (5-12) 

Now we define a function on G'(F 0 ), 

^corr( 7 i, 72 ) :=-/ , ( 7 i, 72 )log|det 7 1 _1 |, ( 71 , 72 ) G G'(F 0 ). (5.13) 

This clearly belongs to C£°(G'), and the term (15.121) is equal to — Orb((l, 7 ), </>(. orr ). This com¬ 
pletes the proof. □ 


Lemma 5.8. Conjectures 1 5. fflfel ) and \5. 6 fel) are equivalent. Similarly for Coniectures \5. 71 (51) and 
\5.fM U). 


Proof. We have 

lnt(high 2 ) = Int(g) for all g £ G Wl (F 0 ), hi, h 2 £ Hi(F 0 ). 

Therefore it suffices to consider elements of the form (1 ,g) for g £ Ui(Fq). By (15.61) . we have 
w(y) = w(s( 7 )) for 7 £ G'(F 0 ). The equivalence between Conjectures 1 5.:i IPTI) and I5.6ltai) now 
follows from Lemma 1571 Indeed, if /' £ Cf°(G') satisfies the conclusion of Conjecture I5.3llal) . 
then parts (0 and EH) of Lemma (57 imply that the function /' £ C£°(S) satisfies the conclusion 
of Conjecture I5.6llbl) . This implies Conjecture 1 5.6 Inn) by Remark 15.151 below. Conversely, if 
f" £ Cf°(S) satisfies the conclusion of Conjecture 15.61(51) . then we may choose /' £ C%°(G') 
such that /' = /", and f will then satisfy the conclusion of Conjecture 15.3(0) . This implies 
Conjecture I5.3ttaj) again by Remark 15.151 

One may similarly show the equivalence between Conjectures I5.3llbl) and [500, by taking 
the /<( orr in Conjecture [500 to be /' orr — (f>' COIT f° r the f cmr in Conjecture I5.3llbl) and 4>' COII in 
Lemma 1 5.7 (full) . □ 


5.3. Lie algebra setting. We would like to formulate a Lie algebra version of Conjecture 15.61 
At least the analytic side of the conjecture makes sense. Recall the Lie algebra version of the 
symmetric space S = S n , 

5= {y £ Res F/Fo M„ | y + y = 0 }. 

For a regular semi-simple element y £ s(Fo) IS , a function <p' £ C%°(s), and a complex parameter 
s, we define the weighted orbital integral 


Orb(y, <f/, s) := [ cj)'(h 1 yh)\det h\ s g(h) 

JH'(F 0 ) 

as well as the special values 


dh , 


Orb(y, (ft) Orb(y, <j>', 0 ) and <90rb (y,(ft) := 


ds 


s=0 


Orb (y,<t>',s). 
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As in dot . here we are using the normalized absolute value on Fq. As before, the integral 
defining Orb (y, <f>' , s ) is absolutely convergent, and 

Orb(h~ 1 yh, (j)') = r](h) Orb(y, (f>') for all h £ H'(F 0 ) = GL„_i(F 0 ). 

For i £ {0,1}, set u := u 7 ; and H := Hi. For x £ u(F 0 ) rs and a function <j> £ Cf°(u), we similarly 
introduce the orbital integral 

Orb(x,<?>) := f </>(/i _1 x/i) dh. 

Jh(f 0 ) 

A transfer factor on s(Fo) rs is a function ft: s(Fo) IS —> C x such that TL(h~ 1 yh) = r](h)£l(y) 
for all y £ s(Fo) IS and h £ H'(Fo). We take the transfer factor it = uj on s(Fo)rs given by 

w(y) := 5?(det(y l e)i =0i i i ... i „_i); (5.14) 

cf. j37] (3.7)]. Again we normalize the Haar measure on the symmetric space side such that 
H'(Of 0 ) = GL„_i(Of 0 ) has measure 1 . On the unitary side, we denote by to the stabilizer in 
Uo(-Fo) °f the nearly 7 r-modular lattice A 0 C Wo defined in (15.31) . Again we normalize the Haar 
measure on Hq(Fq) such that the stabilizer Kq of Ag has measure 1. The transfer relation for 
functions extends readily to the Lie algebra setting as follows. 

Definition 5.9. A function <// £ C£°( s) and a pair of functions (cfo,(fi) £ C£°(u o) x C£°(ui) 
are transfers of each other, or are associated , if for each i £ {0,1} and each x £ Uj(Fo) rs , 

Orb(x, (ff) = ui(y) Oib(y, </>') 

whenever y £ s(Fo) rs matches x. 

Now we state the Lie algebra version of the conjecture. 

Conjecture 5.10 (Lie algebra AT conjecture). 

(a) There exists a function <j>' £ Cf°(s) which transfers to (l* o ,0) £ Cf°( uo) x C£°(ui), and 
which satisfies the following identity for any y £ s(Fq) is matched with an element x £ Ui(Fo) rs 
for which the intersection A D A x is an artinian scheme: 

2uj(y) dOrb(y,(j)') = — F\nt(x) ■ log < 7 . 

Here we set 

i-lnt{x) := length(A D A x ). 

(b) For any <f>' £ C£°(s) which transfers to (l to ,0) £ Cf°(u 0 ) x C“(ui), there exists a function 
4>' corr £ Cf°( s) such that for any y £ s(Fo) IS matched with an element x £ Ui(Fo) rs for which the 
intersection A D A x is an artinian scheme, 

2uj(y) <90rb (y, <f>') = -t- Int(x) • logg + u(y) Orb (y, 

Remark 5.11. It is not currently clear to us how to formulate a conjecture without the hy¬ 
pothesis that A D A* is artinian; see our comments right before Remark 14.61 

5.4. Relation between parts (a) and (b) of the conjectures. In this subsection we explain 
how parts (a) and (b) in each of Conjectures 15.31 l5l)l and 15.101 are related. 

The group H'(Fq) = GL„,_i (Fq) acts on S(F 0 ) and hence on the space C£°(S). For a function 
/' £ C%°(S) and an element h £ H'(F 0 ), we denote by h f £ C£°(S) the function defined by 

We also denote by uWh-ij/ e C%°(S) the function 

v(h) h -if, : 7 _ /'( 7 ). 

We use analogous notation in the Lie algebra setting, with s in place of S. 

Lemma 5.12. (i) For any f £ C^°(S), 7 £ S(Fo) IS , and h £ H'(F 0 ), 

Orb( 7 , nWh-if’^ = 0 and <90rb( 7 , = log|det h\ Orb( 7 , /'). 

(ii) For any (j)' £ C%°(s), 7 £ S(Fo) rs , and h £ H'(F 0 ), 

Orb( 7 , ’KW-y) = 0 and <90rb( 7 , vWh-i^ = i og |det h\ Orb( 7 , tf). 
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Proof. We prove Q; the proof of (jn]) is analogous. The integral Orb( 7 , f',s) transforms under 
the action of H'(Fo) on f by the character p s o det, where 

Vs (a) ■= v( a )\a\ s , a£Fft, 

i.e. 

Orb( 7 , h f, s ) = (det h) Orb( 7 , /', s). 

It follows that 

Orb( 7 , ^b- 1 /', s) = (| det h\ s - 1 ) Orb( 7 , /', s). 

The proves the first desired identity, and the second follows by differentiating. □ 

Lemma 5.13. (i) For any f £ Cf°(S), there exists /'** £ Cft , (S) such that 
Orb( 7 , /') = aOrb( 7 , / /# ) for all 7 <E S{F 0 ) Is . 

Furthermore, we may choose f'^ such that it transfers to (0,0) £ C£°(Uo) x Cf°(Ui). 

(ii) For any <j>' £ Cf°(s), there exists 4 0 £ Cft D (s) such that 

Orb (y, (ft) = 30rb (y, 0 /# ) for all y £ s(F 0 ) Is . 

Furthermore, we may choose (ft^ such that it transfers to (0,0) £ C£°(u 0 ) x C“(ui). 

Proof. Again we just prove (Q). Choose any h £ FT(F 0 ) with det h a non-unit, and set 

r)(h)h —1 jf 

log | det h\ 

Then /'** has all desired properties by Lemma T5.121 □ 

Proposition 5.14. Part (b) implies part (a) in each of Conjectures 1 5. 11 f 5. 61 and \5.10\ 

Proof. By the proof of the ST conjecture in E3 Th. 2.6] (resp. its Lie algebra analog in §4.5 of 
loc. cit.), there exists a function in 0^(3) transferring to (l/f o ,0) (resp. in C%°(s) transferring 
to (lf o ,0)). Of course these functions needn’t satisfy the conclusion of part (a) in Conjectures 
15.61 and 15.101 respectively, but assuming part (b) in these conjectures, we may use Lemma T5.131 
to modify them into functions that do. The case of Conjecture 15.31 is handled in a similar way 
by using Lemma [5.71 to relate functions on G'(Fo) to functions on S(Fq), again using Lemma 
I5.131H1) to control the needed modifications. □ 

Remark 5.15. The proof shows that the existence of any one /' £ Cf°(S) satisfying the 
conclusion of part © in Conjecture 15.61 already implies part (jaj). The same remark applies to 
the other two conjectures. 

For the converse direction from (a) to (b), we need the following. 

Conjecture 5.16 (Density principle). The orbital integrals Orb( 7 , •) for all regular semi-simple 
7 span a weakly dense subspace in the space of {H'{Fft),rf)-invariant distributions on S{Fft). The 
same holds for s(Fo)- 

Remarks 5.17. (i) An equivalent statement to the above density principle for S(Fq) is as fol¬ 
lows: if a function f £ C“(S I ) has vanishing orbital integrals Orb( 7 ,/') = 0 for all regular 
semi-simple 7 £ S(F 0 ), then it lies in the subspace of C)? 0 (S') spanned by functions of the form 
v (h)h-ifti for jn £ c™(S) and h £ H'(F 0 ). (Of course the orbital integrals of vWh-iju vanish 
by Lemma r5.12l l 

(ii) It is easy to see that the density principles for S(Fq) and s(Fo) are equivalent. 

(iii) The density principle holds for s(Fq) when n = 3 by [5B] Th. 1.1]; cf. Theorem II 1.1 II below. 
It is still open for n > 4. 



Lemma 5.18. Assume that Conjecture \5.16\ holds. Then part (a) implies part (b) in each of 
Conjectures 1 5. 3[ 1 5 . 61 and 1 5.1 (A 
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Proof. We show the implication (pj) ==> ® in Conjecture 15.61 The analogous implication for 
Conjecture 15.101 can be proved in a similar way, and that for Conjecture 15.31 follows by Lemma 
15.81 Suppose that /g £ C£°(S) satisfies the conclusion of Jsj), and let /' £ C%°(S) be any 
function transferring to (1a' 0 , 0). Then the function f — /g has vanishing orbital integrals at all 
7 £ S(Fq) is . By Conjecture 15.161 we may assume that f — /g is a sum of functions of the form 
v (h)h- lj" for fn g < 700 ( 5 ) and h £ H'(F 0 ). By Lemma mfl) (applied to f"), it follows that 
the function <90rb(7, /' — /g) is of the form Orb( 7 , f COTr ) for some /' orr £ C%°(S), and hence (03) 
holds. This completes the proof. □ 

5.5. Uniqueness of the function in part (a) of the conjectures. In this subsection we 
explain the extent to which the function f in Conjecture 15. 6 fell is unique, assuming the density 
principle ('Coniecture l5.16l) . An analogous statement holds for Coniecture l5.3felh The statement 
does not carry over to Conjecture I5.10fell as we have formulated it, owing to the additional 
hypothesis (artinian intersection) that we impose, cf. Remark 15.Ill 

Let e := ^(detlTg) £ {±1}. Then —e = 7y(det Hq). Here we assume as usual that the norm 
of the special vector iq £ IT, is 1. Otherwise we may modify the definition of e accordingly. 

We consider the action of the transpose on S(F 0 ) and on Cf°(S). For /' £ C£°(S), we define 
the function f n by /'*( 7 ) := /'(* 7 ) for 7 £ S(Fo). Clearly, each /' can be written in a unique 
way as 

/' = /;+/: 

where /± = ±e/±; explicitly, 


f + = -(f + en and 


= -ef n ) 


Now recall the decomposition S(Fq) rs = 5 rSi 0 U SAp from (12.41) . 

Lemma 5.19. For any f £ Cf°(S), 

Orb( 7 , /+) = 0 for all 7 £ SVs.i and Orb( 7,/(_)=0 for all 7 £ S IS ,o- 

Proof. This is a consequence of how Orb transforms with respect to the transpose operation. For 
7 £ S(Fo) rs , since *7 and 7 have the same invariants, there exists a unique element /i 7 £ H'(Fo) 
such that 


*7 = h 1 7 h 


T 


(5.15) 

Moreover, the element h 1 is symmetric, i.e. /i 7 = t h J ; and if 7 £ S ISt i, then /i 7 defines a 
hermitian space isometric to W\, i.e. ry(/i 7 ) = ry(det W%) (cf. the proof of [35]. Lem. 2.3]). Writing 
rj s (h) := rj s (deth) for h £ H'(Fq), it follows from (15.151) and suitable substitutions that 


Ch' b ( 7 ,/' i ,s) = [ f'( t h t 'y t h 1 )rj s {h)dh 

JH’(Fo) 

= I f'(hh~ lr yh 1 h~ 1 )ri s (h) dh 

JH'(Fo) 

= [ f'(h~ 1 'yh)rj s (h~ 1 h 1 ) dh 

JH'(Fn) 


In particular, 


The lemma follows from this. 


’H'(Fo) 

= T] s (h^) Orb( 7 , /',-s). 

Orb ( 7 , f n ) = r)(h 7 ) Orb( 7 , f). 


□ 


Lemma 5.20. Assume that Conjecture 15.161 holds. Let f £ C^°(S) be a function satisfying 
the conclusion of Conjecture 1 5. 6’Hal) . Then f is unique up to adding a linear combination of 
functions of the form 

(p) V(hi)h 1 -l^ri(h2)h2-lg^ . 

(ii) V(h)h-1(Q + e Qty. and 

(hi) XXi v{hi)hi ~ 1 fl such that YXLi log|det hi\f' = 0 , 
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where h,hi £ H'(Fq) and 9,Q,f[ £ Cf°(S). Conversely, adding any function of the form (0) , 
m , or EH) to f gives a new function satisfying the conclusion of Coniecture \5. 6 'lfal ). 

Proof. First consider the following two properties of a function f" £ Cf°(S): 

(1) Orb( 7 , f") = 0 for all 7 £ S{F 0 ) rs ; and 

(2) d 0 rb( 7 , f") = 0 for all 7 £ S IsA . 

If f" is of type (0, (01). or EH) above, then f" satisfies HD and © by Lemma r5.12tlH) . with an 
assist from Lemma 15.191 for property © when f" is of type 0J. For such /", the function f' + f" 
therefore satisfies the conclusion of Conjecture 15.filial) whenever f does. 

Now suppose that both f[ and /' 2 satisfy the conclusion of Conjecture 15.Glial) , and set 

n// _ n/ n/ 

J J 1 / 2* 

Then f" satisfies © and ©. By ©, it follows from Conjecture 15.161 that 

m 

f" = Y, r](hi)hi ~ 1 f" for some /" £ Cf°(S), £ H'(F 0 ). 

i=l 

If log|det/ij| = 0 for all i, then f" is of type 03) above, and we’re done. If not, then say 
log|det/ii| ^ 0. By Lemma I5.12IH1) . 

m 

90rb(7, f") = Orb( 7 , 0 ) for 0 := ^ log|det hi\f". 

i— 1 

By ©, we have Orb( 7 , 0) = 0 for all 7 £ 5 rSj i. This and Lemma IS. 1 9 1 imply that Orb( 7 , 0_) = 0 
for all 7 £ S(Fo) rs ■ So by another application of Conjecture 15.161 we may write 

q v{h '^~ 1 e j for some 0j £ C?(S), h' 3 £ H'(F 0 ). 

j '=1 

It follows that r i( h ^) h ^~ 1 Q = -|_ @_) i s a sum of functions type 0 and ©. Since 

_ ^(Mfri-l© = ™ / v{hi)hi -1 „ _ lQg|det hj | r]{h\)h\ — l 
log|det h\\ ^V 1 log|dethi| 

is a function of type EH) , we conclude that /" is of the asserted form. □ 

5.6. Statement of the main results. Now we state our main results. I 11 the remainder of 
the paper, we will be concerned with the case n = 3, with (apart from 9101) only occasional 
remarks about the case of general n. In this case, the following result gives a combined version 
of Remark EM Remark IT71 and Conjecture 14.81 Recall from (14.51) the notation A = A^jV^), 
and from ( 1 T 61 ) (or from (14.101) in the Lie algebra case) the notation A s . Note that, by the 
identification (14.101) . we may view Ui(F 0 ) and Ui(Fo) as subsets of EndQ F (X„). Also, recall 
from the Introduction that, since the statements below involve the geometry of formal schemes, 
we are taking Fq = Q p throughout. 

Theorem 5.21. Let n = 3. Then for any x £ Ui(i 7 o), the intersection A n A^, is non-empty if 
and only if x £ Endo F (X 3 ), and the following three properties are equivalent. 

(i) x £ End 0 j ,(X 3 ) Dui(F 0 ) rs . 

(ii) The intersection of A and A x is a non-empty scheme proper over SpecO^,. 

(iii) The intersection of A and A x is non-empty artinian. 

The analog where x £ Ui(i r o) is replaced by g £ Ui(Fq) also holds true. 

We complete the proof of Theorem 15.211 in 98.41 modulo some explicit calculations which we 
carry out in © 

We also prove the AT conjectures formulated above in the case n = 3, namely the following 
theorems. 
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Theorem 5.22 (Group version). Let n = 3. Then for any g £ Ui(Fo) rs , the intersection of A 
and A g is an artinian scheme with two points unless it is empty, and there are no higher Tor 
terms in the expression (14.911 for Int(g). Furthermore, statements (£o|) and {&]) of Coniecture \5.6\ 
hold true. 

By Lemma 15.81 this theorem also implies the homogeneous group version, i.e. where g £ 
GVi(Fo) rs , cf. Conjecture 15.31 

Theorem 5.23 (Lie algebra version). Let n = 3. Then for any x £ Ui(Fo) rs , the intersection of 
A and A x is an artinian scheme with two points, unless it is empty. Furthermore, statements 
(fa|) and of Conjecture 15.4(11 hold true. 

The proofs of Theorems 15.221 and 15.231 will occupy essentially the entire rest of the paper. 
We prove these theorems by a combination of methods from geometry and from local harmonic 
analysis, which in rough outline goes as follows. In fJH]and (J7] we relate the moduli space A/a to 
the formal deformation space of formal O^-modules, and the special divisors on A4 (the analog 
of KR-divisors in the present setting of a ramified quadratic extension) to quasi-canonical divisors 
on this formal deformation space. In (JSJ using the Cayley transform, we reduce the computation 
of Int(p) to the calculation of A-Int(ir) in the Lie algebra, and even in the reduced subset of the 
Lie algebra. The calculation of dnt(x) for a reduced element x in the Lie algebra is then carried 
out in (JO This uses the calculation of intersection numbers of special cycles, and is based on the 
Gross-Keating formulas for the intersection numbers of quasi-canonical divisors. At this point 
the inputs to the proof from geometry are in place. The local harmonic analysis set-up used 
in our proof is explained in lJT0l Using this, we show in Proposition 111.141 that Theorem 15.221 
follows from Theorem 15.231 We show in Proposition 112.4| that, in turn, Theorem 15.231 follows 
from Theorem 112.11 which is its analog for the reduced sets in the Lie algebra setting (cf. 1)8.21 
MM and 911.211 . We then obtain Theorem 112.11 from a comparison of the result of the geometry 
side with the germ expansion of the orbital integral side. This part of the proof, carried out in 
9T41 and ! JTol is explained in ! J~Htl The general germ expansion is established in Part [4] and has 
its own introduction in 9161 

Part 2. Geometric side 

In this part of the paper we address the geometric aspects of Theorems l5.22l and l5.23) including 
the geometric side of the identities to be proved in these theorems. Along the way we also prove 
Theorem 15.211 Throughout this part we take n = 3. 

6. The Serre map 

The main aim of this section is to describe the moduli space A /2 in terms of the Serre tensor 
construction (see & and to use it to analyze special cycles. 

6.1. The Serre map. The first basic fact we need about A /2 is the following. 

Lemma 6.1. consists of two points. 

Proof. Let N denote the rational covariant Dieudonne module of the framing object X 2 , and 
recycle the notation ( , ), h, r, and C from the proof of Proposition 13.II Since X 2 satisfies the 
spin condition, the hermitian space C is non-split by Lemma 13.31 By Dieudonne theory, A/ 2 (fc) 
identifies with the set of 0^,-lattices L in N such that 

ujL C 2 7 ttL C 2 L , (6.1) 

where the superscripts indicate the /c-dimension of the corresponding quotients, and such that 
FA = 7 t~ 1 L 1 where L v denotes the dual lattice in N with respect to ( , ), or equivalently with 
respect to h; cf. [24j Eg. 4.14], or [22] Prop. 2.2] for the variant where the polarization in the 
moduli problem is principal. Note that, since C is non-split, the p-divisible group corresponding 
to any such L automatically satisfies the spin condition by Lemma 13.31 Given such L, we have 

L C 1 L + tL C 1 7r _1 L. (6.2) 
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By an obvious variant of [25], Prop. 2.17] (with F in place of Wq, tt in place of p , etc.), the lattice 
L + tL in the 2-dimensional F-vector space N is r-stable. This lattice is also self-dual, since the 
dual lattice 

(L + tLY = L v n (tF) v = L v n r(F v ) = tt~ 1 (L n tL) 
contains L+tL by m , and both L+tL and (F+tF) v are contained in n 1 L with codimension 
1 by (16.211 (and the dual of the diagram (16. 21) 1. Now, since C is non-split and 2-dimensional, C 
contains a unique self-dual 0 F -lattice A. Hence L + tL = Op ■ A inside N. The hermitian form 
h induces a symmetric form on V := A ®o F k, and the image of L in V is an isotropic line. Since 
V is 2-dimensional, there are exactly two isotropic lines in V, and these correspond to the two 
possibilities for A. □ 

Remark 6.2. We record for later use that, in the notation of the proof, r interchanges the two 
lattices in N corresponding to the two points in Jf 2 (k). 

Since J\f 2 is formally locally of finite type over SpfO^,, we conclude that it consists of two 
connected components 

and A/ 2 ,-,, 

each reduced to a point topologically. These components are distinguished as the respective loci 
in J\f 2 where the framing map p is and is not pointwise an isomorphism. They are interchanged 
under the group action of C7(X 2 ) ~ Z7i(Fo) by elements of nontrivial Kottwitz invariant, cf. (13.311 . 
Thus to understand the structure of A/ 2 , it remains to understand either one of these components. 
We will do this in the rest of this subsection via the Serve map. 

Forgetting the 0 F -action, consider E as a connected p-divisible Of 0 -module of dimension 1 
and height 2 over Specfc. Let Ado # denote its formal deformation space over SpfO^. By 
Lubin-Tate theory, M.o p — Spf Op [[£]]■ This formal scheme also admits a moduli description 
as (a connected component of) an RZ-space [25] Prop. 3.79]: for each scheme S over SpfO^ Q , 
Mo p (S) is the set of isomorphism classes of pairs (Fo, /3), where Fo is a p-divisible 0 Fo -module 
over S and /3: F 0 g —S> Eg is an Of 0 -linear quasi-isogeny of height 0. An isomorphism between 
such pairs is an isomorphism between p-divisible Of 0 -modules over S which is compatible with 
the framings to Eg in the obvious sense. Set 

M := Mo Po Xs P fO #o Spf Op. 

Proposition 6.3. The Serre construction Yq i-a Of ®Oj? 0 Fo induces an isomorphism of formal 
schemes over Spf Os, 

M^Af 2 ,+. 

Proof. Given (Yq,/3: F 0 g — 1 k Eg) £ M(S), we first have to explain how to define the rest of 
the quadruple (Of ®o Fo Fq, l, A, p) € Af 2t +(S). For simplicity, we use the version of the moduli 
problem for A /2 described in Remark 13.61 Of course, the notation signifies that for t we take the 
tautological 0^-action on Of ®Of 0 Fo- There is a canonical isomorphism 

Lie(0 F ®o Fo Fo) = Op ®o Fa LieF 0 

as Of ®Of 0 Os-modules, from which it easily follows that (Of ®0 Fq Fo, t) satisfies the Kottwitz 
and spin conditions. We define the framing map p to be the quasi-isogeny 

id Op 0/3 

p: O f ®Of 0 Fp g-> Op ®o Fo % = X 2 g, 

which is an isomorphism at each point of S since the same is true of (3. 

It remains to define the polarization A. Since Ad is a formal scheme over Spf Op with a single 
/c-point, it suffices to assume that S is the spectrum of an Artin local ring with residue field k. 
Let Ao be any principal polarization of Fo; this exists, for example, because E is isomorphic to 
the p-divisible group of an elliptic curve, and hence so is Fo by the Serre-Tate theorem. Over 
S = Spec k, the principal polarizations A 0 ^ and /3*(Ae) of Y Q p differ by an O^ o -multiple by our 
remarks in H3.3I Rescaling Ao as needed, we may assume that A 0 j = /3*(Ae). Then we define A 
to be the polarization 

A: Of ®o Fo Fo ®o Fq Y 0 v “ (O f ®o Fo Y 0 ) v , 
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where ip: Of —> Op is the symmetric O^-linear map defined in (13.41) . Just as when we defined 
X 2 , one readily verifies that Ker A = {Of ®o f Fo)[i( 7 r)]. Furthermore 

Xj = p® \ 0 k = P® /3*(A e ) = p*{p® A e ) = p*{ Ax 2 )- 

Hence {Of ®Of 0 Yq,l, X,p) gives a point in A/ 2 ,+ (5), and its isomorphism class is clearly well- 
defined in terms of the isomorphism class of {Yq,/3). This defines the map M. —► A/ 2 ,+ . 

Now we show that this map is an isomorphism. Since A4 and A/" 2j + both have a single fc-point 
and are formally smooth over Spf of relative formal dimension 1 (using Proposition 13.81 in 
the case of Af 2 ,+), it suffices to show that the induced map on tangent spaces is nonzero. For 
this we might as well prove the a priori stronger fact that A i{S) J\f 2 ,+{S) is an injection for 
any Spf 0^,-scheme S. Let {Y 0 ,/3) and {Yq,/3') be 5-points on At, and let {Of ® 0 Fq To, 4, A, p) 
and {Of ® 0 Fq F 0 ', l' , A', p') be the corresponding quadruples as defined above. With respect to 
the Of 0 -linear decompositions 

Of ®Of 0 Y 0 = 1 ® Y 0 + 7 T ( 8 ) Y 0 , O f ®0 Fq Y<f = l®Y<f + it ® F 0 ', and X 2 = l(g>E + 7 r(g>E, 
the framings p and p' take the form 

P = diag(/3, /?) and p' = diag(/3', $'). 

Thus by ridigity {p')~ x o p lifts to an isomorphism Of ®0 Fq Lo —X Of ®0 Fq Fq if and only if 
(/3') _1 o (3 lifts to an isomorphism Y 0 Yf, which completes the proof. □ 

Remark 6.4. Lemma RTT1 and Proposition 16.31 make precise and supply details for the Claim for 
the formal scheme denoted Afi in [24] Eg. 4.14]. Note however that loc. cit. uses the framing 
object described in [12] §5 d)]; this framing object should be replaced with our X 2 , as discussed 
in Remark E30 

6.2. Special divisors. Recall the embedding ur'. Of ^4 End(E) = Og> and the corresponding 
canonical lift £ of E over Op, with its action ig: Of —> End(£) and principal polarization Xg. 
Let 3A denote the universal p-divisible group over A4, and let c £ Endo F (E) = Homo FQ (E,E). 
Associated to c is the closed sublocus Tf{c) of A4 where c lifts to a homomorphism 34) £■ Note 

that the divisors 7 f{c) are different from the divisors considered by Gross-Keating, i.e. the locus 
where c deforms to an endomorphism of 34u or in other words a divisor of the form Spf W[[i ]]/J 
in Q23 top of p. 147]. 

Now let y denote the universal p-divisible group over A/ 2 , and let b £ Homo F (X 2 , E). Asso¬ 
ciated to b is the closed sublocus Z{b) of AC 2 ,+ where the Oi?-linear homomorphism b: X 2 —> E 
lifts to a homomorphism y —> £ (the analog in our present ramified setting of a KR divisor in 
the unramified setting nuB)- By identifying, via Proposition 16.31 the restriction of y to A4 2i + 
with Of ®o Fq 34) j adjunction implies the following lemma. 

Lemma 6.5. If c corresponds to b under the adjunction isomorphism 

Homo Fo (E, E) = Homo F ( O f ®o Fq E, E) = Hom OF (X 2 , E), 
then the Serre isomorphism M = A/" 2 ,+ identifies 

Tf{c) 3* Z{b). □ 

From now on, we often drop the field F from the notation 7 ~f{c). 

Proposition 6 . 6 . If b and c are nonzero, then both Z{b) and T(c) are relative divisors. 

Proof. Of course it suffices to prove this for T{c). Consider S := A4 Xspfo#. A4, with its 
universal object 34) x3(. Recall from E3 Prop. 5.1] that the locus inside S where c lifts to a 
homomorphism 34) —> 34) is a relative divisor Z in S. Another divisor T> inside S is given by the 
locus where 34) = 5. Now V ~ A4 is an irreducible divisor that is not contained in Z (otherwise 
c would lift to a homomorphism 34) ~X £ over all of A4, which is absurd). Hence T(c) = Z fl T> 
is a divisor on A4. It is a relative divisor because c does not lift to a homomorphism 34) ~^> & 
over the whole special fiber A4 = A4 xs p f o p Spec k. □ 

®Note also that the claim concerning O f at the end of 1241 Eg. 4.14] is obviously incorrect. 

®Note however that in loc. cit. deformations of homomorphisms E —4 X 2 are considered. 
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Remark 6.7. There are also quasi-canonical variants of this construction. Let j > 1. Let 

Oj := OF.j '■= Of 0 + tt-’Of 

be the order of conductor j in Of- Let Wj be the ring of integers of the ring class field extension 
of F corresponding to Oj , and let Wj := Spec Wj. Let Ej be the quasi-canonical lifting of level 
j over Wj [311 Def. 3.1]. In particular, Wq = Op and £q = £. Put 

Wlj ■ Ad Xgp ecOp bVy and A^ 2 , + j ^ 2 ,+ ^SpecOp bVy. 

Let Ej denote the same object as Ej, but where the Oj- action is precomposed by the nontrivial 
Galois automorphism. Inside Aij, we have the locus 7 fj(c) where the endomorphism c £ Od 
lifts to a homomorphism jVo -4 Ej ; and inside A 2 .+j , we have the locus Zj(b) where the O^-linear 
homomorphism 6: X 2 —> E lifts to an Oj -linear homomorphism y -4 Ej. If c corresponds to b 
under the adjunction isomorphism Homo F(j (E, E) = Homo F (OF ®o Fo E, E) = Homo F (X 2 ,E), 
then 

TF,j{c)^Zj{b) 

under the Serre isomorphism. 


7. Special divisors as sums of quasi-canonical divisors 

In this section we express the special divisor T(c) defined in 1)6.21 as a sum of quasi-canonical 
divisors, where c £ Od is nonzero. We identify F with its image in D via ie, but we also consider 
the conjugate embedding and its image C F. Recall that here the bar denotes 

the main involution on D , and the conjugate embedding is defined in (II.41) . Corresponding to t, 
we have the quasi-canonical divisor W~p.j on ■M and the quasi-canonical lift E l j of level j over 
W~p,j, as well as the canonical lift E L over Spf Op,. 

Proposition 7.1. There is an equality of divisors on At , 

T(c) = Y. 

0<j<v D (c) 

Proof. Note that in the definition of T(c), it is harmless to replace E with E and E with E, since 
in both cases the underlying C>F 0 -modules are the same. Set 7 := vd{c), and write c = 7 t 7 co 
with co £ Op. Let j < 7 . The element cq £ Od conjugates 1 into ie, and therefore lifts 
to a homomorphism E L —> E. Over the locus W-pj, the endomorphism 1 ( 7 t j ) of E lifts to a 

c ~l 

homomorphism 1/7 : £ l j —> £ L . Since i = 0 t E , we thus obtain a diagram 



where the vertical lines indicate reduction to k, and where the bottom row evidently composes to 
c. This shows that the divisor W~p j is a component of Tic). We therefore obtain an inequality 
of divisors on Ad, 

Yw, F ^<nc). 

3=0 

The equality will follow by comparing the intersections of both sides with the special fiber Ad. 
For the left-hand side, we note that (Ws F .j ■ Ad) = [Wj : Op] = q 1 . For the right-hand side, we 
apply the following lemma. □ 

Lemma 7.2. The intersection multiplicity of the cycle T(c) with the special fiber Ad is 

(T{c)-M)=Y q j . 

v w ' <j< VD (c) 
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Proof. We use the Kummer congruence, cf. JTSj Th. 4.1], Identify A4 with Spf &[[£]], and the 
product of M with itself with Spf A;[[f, t']]. Let (Vco Vo) be the universal p-divisiblc group over 


Spf k[[t,t']]. Let I be the ideal in fc[[f, i']] describing the closed sublocus where c: E —> E lifts to 
a homomorphism c : Vo ~ t Vo- By loc. cit., the uniformizers t and t' may be chosen such that I 
is generated by the element 


g -.= -t'), 




The claim follows. 


□ 


Remarks 7.3. (i) Note that our convention that q = p when working with formal schemes is 
in force in Lemma 17.21 Strictly speaking, we need it to appeal to the Kummer congruence. 


(ii) The analog of Lemma [7.21 in the case when F/Fq is unramified is [TU, Prop. 8.2] 0 The 
proof of this analog in loc. cit., due to Th. Zink, uses displays and is difficult. The proof of 


Lemma 17.21 given here transposes in the obvious way to the unramified case, which gives a 
drastic simplification of loc. cit. 


Conversely, one can reduce Lemma 17.21 to the unramified case in [TO] as follows. Let F' 


denote the unramified quadratic extension of Fq. We first point out that the Serre isomorphism 
in ProDQsition l6.3l also holds in the unramified setting (with A 4o p isomorphic to the entire space 
Afp*/Fo, 2)1 as does the compatibility of special divisors in Proposition 16.51 Now let £'/Spf Op o 


denote the canonical lifting of E for F'/Fq (relative to any embedding of F' in D). Of course 


£ x spf o p Spec x S pfo #o Spec A; 

as formal 0_Fcr m odules over Spec A;. Hence, identifying the special fibers of M and Mo p , we 
get an identification of the corresponding divisors 

Tf(c) x spf o # Spec A: = 7>/(c) x Sp f O#0 Spec A:. 

Therefore Lemma o follows from Proposition 8.2 of m- 


8. Reduction to the Lie algebra 


In this section we lay the framework to reduce the geometric calculations in Theorem l5.22l (the 
group setting) to those in Theorem 15.231 (the Lie algebra setting). Modulo these calculations, 
which will be carried out in the next section, we also prove Theorem 15.211 

8.1. Coordinates on U\ and 14. We begin by presenting the unitary group Ui(Fo) ~ C/(X 3 ) 
and its Lie algebra Ui(Fq) in terms of explicit coordinates. First recall the embedding 


(E) 


O f ^ Endo Fo 


On- 


Except where stated to the contrary, from now on we will tacitly regard Of as a subring of Op> 
via ig, and likewise for F C D, and drop tg from the notation. Write 


( 8 . 1 ) 


D = D + ® £)_ 


for the decomposition of D into its respective +1 and —1 eigenspaces under the conjugation 
action of ir. Then F = D + . For any a £ D, we denote by a+ and a_ its respective components 


with respect to this decomposition. Note that Na = Na+ + Na_. We also write D tT 0 for the set 


of traceless elements in D , and we analogously define O)]] -0 , F tT ~° = Fqtt. and Op~° = Of 0 7 t. 
Recall from ^13.31 that we have defined the framing object 


X3 = X2 xE = (Of ®Of 0 E) x E. 
Identifying Of ®Of 0 E ~ E x E as in (13.511 . we obtain 

E n dc>F 0 (X3) ~ M 3 (O d ). 


( 8 . 2 ) 


(8.3) 


10 


Note that the quantity v in loc. cit. should be replaced by half of its value. 
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In terms of this identification, the Op-action lx 3 sends 


7r 


0 

1 

0 


m 

0 

0 


0 

0 

7T 


Hence we identify 


Endo F (X 3 ) = 


a pm bir 

(3 a b 

c ttc d 


a, /3,b, c £ On, d £ Of > • 


We emphasize that here and below the symbol 7 r always means ig( 7 r), in accordance with our 
convention. 

With regard to the decomposition I 3 ~ E x E x E, the polarization Ax 3 is given by 

Ax 3 = diag(AE, —wAe, Ag); 

see (EU). Since the Rosati involution on D induced by Ae = Ag is the main involution o4«, 
the Rosati involution x s-x = A^ 1 o x v o Ax 3 on Endo F (X 3 ) is given by the formula 


a 

(3zu 

bir 

t 

a 

—(3m c 

p 

a 

b 

= 

-p_ 

a C7T — 1 

c 

TTC 

d 


—nb 

—bm d 


Attached to X 3 is the identification of unitary groups from (13.101) . 
Ui(Fo) ~ C/(X 3 ) = { g £ End°o F (X 3 ) \ gg* = 1 } 


C 


a (3m bir 
P a b 
c ttc d 


a, /3,b, c £ D, d £ F 


Thus we get an identification of Lie algebras, 

Ui (F 0 ) ~ { x £ Endo F (X 3 ) | x + = 0 } 


a (3m bir 
(3 a b 
7 xb bm d 


a £ D tT ~°, (3 £ F 0 , b£ D, d £ F' 


tr—0 


Intersecting with Endo F (X 3 ) gives a natural compact open subgroup in each, 
Ki := Ui(F 0 ) (~l Endo F (X 3 ) = {g £ Endo F (X 3 ) \ gg^ = 1} 


and 


ti := Ui (Fo) D Endo F (X 3 ) 

= { x £ Endo F (X 3 ) | x + X s = 0 } 

a (3m bir 
(3 a b 
7 rfe bm d 


a £ On~°, /3 £ O fb , b £ O d , d £ Of 


tr—0 


(8.4) 


(8.5) 


( 8 . 6 ) 


Note that K\ is the stabilizer in U\ (Fq) of the standard basepoint in A/3, i.e. the point 

(X 3 , tx 3 > Ax 3 , idx 3 ) £ A/3 (fc). 


Furthermore we set 


Aprs : — Ki 01 Ui }IS (F 0 ) and ti,rs : — 01 Ui, r 3 (Fq ). 






















ON THE ARITHMETIC TRANSFER CONJECTURE FOR EXOTIC SMOOTH MODULI SPACES 


39 


8.2. Invariants on Ui and reduced elements. We now make explicit the invariants on ui 
discussed in H2.5l in terms of the coordinates just introduced. Let 


be expressed in the form (18.511 . Write 
A! := 

so that 


/3m 

a 


a 

(3m 

bn 

p _ 

a 

b 

7rfe 

bm 

d _ 


b' := 

bn 

h 


g ui(F 0 ) 


z' := [nb bm] 


A' b' 
c' d 

Note that this block decomposition for x is not the same as the earlier one in (EH), since here 
we allow matrix entries in D. With respect to the identifications (18.21) and (18.31) . we have 

A' G End? 


(8.7) 


x O F V^ 2 ), b' G Hom? p (E, X 2 ) = V 2 , and c' G Hom^ (X 2 , E). 

Using these identifications, one sees that the quantities 

\{x) := det^A' | V 2 ), u(x) := tj 7 _ 1 c'b , ) w(x) := m^c'A'b', tr^(A' | V 2 ), d ( 8 . 8 ) 

are the five polynomial generators of the invariant ring listed in ( 12 . 101 ) . except for the factor m~ l 
in front of the second and third invariants, which we have inserted to give a more convenient 
normalization; see e.g. Lemma 111.31 below. 

To make the first and fourth invariants in (18.811 explicit, note that the map 


b G D 


D. 


is an F-linear isomorphism, where F acts naturally on the right on source and target. In this 
way A’ acting on V 2 identifies with the F-linear map 


on D. Hence 


ab + b(3n 


tr p(A' | V 2 ) = 2/3n and X(x) = det_p(A' | V 2 ) = Na + (3 2 m. 


Definition 8.1. An element x G ui(Fo) written as above is called reduced if its invariants 
tri?(A' | ¥ 2 ) and d are 0, that is, if /3 = d = 0. We denote by Ui ire d(-Fb) the subspace of reduced 
elements in ui(Fq). 


Of course, the invariants tr f{A' | V 2 ) and d as written here arise from regular functions on 
Ui, and their vanishing therefore defines Ui !re d as a closed subscheme of Ui; hence the notation. 
We also set 


ai,red,rs ■— ai ire d O Ui ?rs , fl.red ■— f 1 O Ui ;r ed(Fo), and ll,red,rs *— U.red O 

There is a natural map Ui(Fq) — > Ui ire d(Eo), which we denote by x i —> a: re d, defined by 


a 

(3m 

bn 


a 

0 

bn 

p_ 

a 

b 

i—» 

0 

a 

b 

nb 

bm 

d_ 


nb 

bm 

0_ 


Taking this map together with the last two invariants in (18.811 gives a product decomposition 


Ui(To)-r Ui ire d(Fo) X Si(To) x Si(Fq) 

(8.9 J 

X \ -r (Zred, 2/?7T, d). 

In 1 18.41 we are going to explain how to reduce the calculation of intersection numbers not just 
to the Lie algebra setting, but to reduced elements in Ui(Eo). The first basic fact in this direction 
is the following. 

Lemma 8.2. An element x G Ui(Tq) is regular semi-simple if and only if x le d is. 
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Proof. By the linear algebra characterization of regular semi-simple elements in ( 12.41 relative to 
the canonical special vector u £ ¥3 in (14.21) . it suffices to show that the three vectors u,xu,x 2 u 
are linearly independent over F if and only if the vectors u, x re d u, x red u are > an< ^ analogously for 
f u, *ux, t ux 2 and t ux le d , *u x ;( ed . For clarity we denote the F-action on ¥3 as a right action. 
Expressing x in terms of the coordinates (18.51) . the first of these equivalences follows from the 
easily verified relations 

XU = XredU + U<1 

and 


X 2 U = XXredU + Xud = X 2 ed U + X Te dU/3n + X Ie dUd + ud 2 = X 2 ed U + X Ie dU(j3lT + d) + ud 2 . 

The second, “transposed” equivalence is proved in a similar way. 


□ 


We conclude this subsection by giving a simple characterization of regular semi-simplicity for 
reduced elements. Let 

0 bn 

Gui, red (F 0 ), a £ D tT=0 , beD. (8.10) 


x = 


a 

0 a 
nb bm 


The first three invariants in (18.81) take the values on x, 

X(x) = No = Na + + Na_ = Na(j_ + Nc/_, 

u(x) = w~ 1 (nbbn + bwb) = 2N6, (8-11) 

w(x) = (nbabn + bvjab) = N b ■ (n~ 1 a'n + a') = 2N6 • a' + . 

Here in the expressions involving a', we have assumed that b ^ 0 and set 

a' := b~ 1 ab; 

recall that the subscripts + and — denote the components of an element with respect to the 
decomposition (18.11) . Of course, if b = 0, then u(x) = w(x) = 0. 

Now recall from El that x is regular semi-simple if and only if A(x) ^ 0, where 

r*+Jb 


A(x) :=—zu 2 det( t ex l+:/ e)o<i,j< 2 - 


( 8 . 12 ) 


Note that here we have rescaled the discriminant defined in & which will give us a more 
convenient normalization later on. From now on we will always understand A in the sense of 

(I8T2D . 

Lemma 8.3. A reduced element x £ Ui jre d(Fb) in the form (18.101) is regular semi-simple if and 
only if b ^ 0 and a'_ ^ 0. 


Proof. We calculate the discriminant as 
A(x) = —m~ 2 det 


1 

0 

mu 


0 mu 

mu mw 

mw —Xmu + m 2 u 2 


= Xu 2 + w 2 
= 4(N6) 2 Nc/_. 


(8.13) 


□ 


8.3. The Cayley transform. Our main tool in passing from the group setting to the Lie 
algebra setting will be the Cayley transform (1 + x)(l — x ) _1 from Ui(F 0 ) to Ui(F 0 ). More 
precisely, let 

u°(F 0 ) := { x £ Ui(.Fo) | 1 — x is invertible }. (8-14) 

Then the Cayley transform is defined on u°(Fo). In fact, we will need the variant 

c*: uJ(F 0 )— tlhiFo) 

defined by 




1 + x 


1 — x 


(8.15) 
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where £ £ Ui(Fo) is a fixed element of the form diag(±l 2 , ± 1 ), expressed in the presentation 
(18.dl) of Ui(Fq). We remark that in dl 0 . 2 l we will give a slightly more general definition of the 
Cayley transform for ui, and also define it for s and Uq. 


Lemma 8.4 (Cayley transform for ti). There is an inclusion t\ C u°(.Fo)> and hence the 
restriction of the Cayley map cj to ti is well-defined, where f = diag(±l 2 , ±1). Furthermore, 
this restriction factors through K\, 

ce:t!—>K u 

and the images as f varies over these four elements, cover K\. 


Proof. Let 

a /3xu bir 

/3 a b £ ti 

7 rb bvj d 

expressed in the form (18.61) . Then x mod 7 r is an upper triangular block matrix of the form 

'a 0 O' 

/3 a b mod ir. (8.16) 

0 0 d 


f. It follows that 1 — x is invertible and 


Since a £ O and d £ O^ =0 , we have 1 — a, 1 — d £ O 

that its inverse has entries in Op,. Hence x £ Uj (Fy) and c^(x) £ Endo F (X 3 ) D U\(F 0 ) = K\. 

To show that the images cover K\, it suffices to show that for every g £ K\, there exists 
f = diag(±l 2 ,±l) such that cf (g) is well-defined and has integral entries. Here 

1 -r 1 ^ 

f ^ 1 + £~V 

From the equation gg' = 1 it follows that g mod 7r is also of the form (18.161) . Since 1 + a and 
1 — a sum to 2 £ Of), at least one of them is in Of, too, and likewise for 1 ± d. Thus the desired 
£ exists. □ 


(8.17) 


Remark 8.5. Even though c$(ti) C K i, there are elements x £ u°(F 0 ) \ Hi with c^(x) £ K\. 

In the case of c := Cid X3 , we also have the following. 

Lemma 8.6. Let x £ ti. Then there is an equality of subalgebras o/Endo F (X 3 ), 

O f [x] = Oj?[c(r)]. 

Proof. Let y := 1 — x. Then y is an automorphism of X 3 by Lemma 18.41 It follows from the 
Cayley-Hamilton theorem that y~ x is expressible as a polynomial with coefficients in Op in y, 
and hence in x. Hence c(a:) = (1 + a:)(l — x ) _1 is a polynomial in x. Conversely, the same 
argument, using the inverse formula (18.171) . shows that a; is a polynomial in c(x). □ 

Lemma 8.7. Let x £ 5i and f = diag(±l 2 , ±1). Then x is regular semi-simple if and only if 
c^(x) is. 

Proof. Use the linear algebra characterization of regular semi-simple elements, as in the proof of 
Lemma f 8 T?l twice: first to deduce the lemma in the case £ = idx 3 from Lemma FTTH and then to 
see that c(x) is regular semi-simple if and only if cg(x) = £c(x) is (which is a simple exercise). □ 

8.4. Relation to intersection numbers. We now apply the material in the previous sub¬ 
sections to intersection numbers. In this subsection A = A (M 2 ) C A4 Xs P fo # A7 3 (not to be 
confused with the discriminant!). We begin with a basic lemma on the geometry of intersections. 
For any quasi-endomorphism x £ EndQ F (X 3 ), recall the subspace A x of A /2 Xs p fo F A /3 defined 
by the condition (14.101) . 

Lemma 8.8. For x £ EndQ F (X 3 ), the following are equivalent. 

(i) A D A x is nonempty. 

(ii) (A P) Aa,) re d consists of two points. 

(iii) x £ Endo F (X 3 ). 
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Proof. By Lemma T 6 . II A f 2 (k) consists of two points, the standard basepoint 

z + := (X 2 , tx 2 , Ax 2 , idx 2 ) 

and another point Z-. Thus A re( j consists of the two points (z+, 6 m(z+)) and (z-, Sjq-(z-)) in 
Af 2 x A/ 3 . According to the definitions, 6 jy(z+) = (X 3 , ix 3 , Ax 3 , idx 3 )■ Thus what we have to 
show is that x either does or does not give an (honest) endomorphism of the framed p-divisible 
groups corresponding to 8 j\f(z+) and Sj\f(z _) simultaneously. For this we translate the problem 
to Dieudonne modules. Let N\, N 2 , and N 3 denote the respective rational covariant Dieudonne 
modules of E, X 2 , and X 3 . We must show that the lattices in N 3 corresponding to 5j^{z + ) and 
5j\f(z-) either are or are not simultaneously carried into themselves under the endomorphism of 
N 3 corresponding to x. For i = 1,2,3, let t* be the r-operator on Ni defined in (13.211 . Then 

N 3 = N 2 (B Ni and r 3 = r 2 © n. 

Since Ni is 1-dinrensional over F, the Dieudonne lattice in Ni corresponding to E is ri-stable. 
By Remark 16.21 r 2 interchanges the lattices in N 2 corresponding to z+ and Z-. Therefore r 3 
interchanges the lattices in N 3 corresponding to 5j\f(z+) and 5jq-(z-). Since the endomorphism 
of N 3 induced by x commutes with r 3 , the lemma follows. □ 


Thus nonzero intersection numbers can only occur for g £ K\ in the group setting, and for 
x £ ti in the Lie algebra setting. 


Lemma 8.9. For x £ ti and £ = diag(±l 2 , ±1), there are equalities of closed formal subschemes 
of A f 2 x s p f o p ATs, 

AnA x = An A Xied = A n A C|(x) . 


Proof. Let (Y. 1, A, p) be a point on Af 2 . It has to be shown that the endomorphism x of X 3 lifts 
to an endomorphism of Y x £ (via the framing p x p-g) if and only if the endomorphism a; re d lifts 
if and only if the endomorphism c^(a;) lifts. Writing x in terms of the usual coordinates (18.61) . 
the first two of these conditions are equivalent because the endomorphism 


tx 2 (/?tt) 


0 fhz> 

P 0 


(P £ 0 Fo ) 


of X 2 and the endomorphism d £ Of of E automatically lift. Furthermore, since £ obviously lifts, 
the equivalence of the first and third conditions is an immediate consequence of Lemma 18.61 □ 


Combined with Lemma T8.81 the following proves Theorem 15.211 
Proposition 8.10. The following three properties of x £ Ui(Fo) equivalent. 

(i) X £ .rs ■ 

(ii) A n A x is a nonempty scheme, proper over Spec Op. 

(iii) A n A x is artinian with two points. 

The analog where x £ Ui(Fo) Is replaced by g £ Ui(Fq) and ?i !rs is replaced by K i >rs is also true. 
Furthermore, in the group case, under these conditions, there are no higher Tor terms in the 
expression defining Int(g). 

Proof. Lemma [ 8 T 8 l immediately gives the equivalence of dn]) and ([m]) in both the Lie algebra and 
group cases; and in the proof of the rest of the proposition, it also allows us to assume that 
x £ ti in the Lie algebra case (resp. g £ K\ in the group case) and that the intersection in 
question is nonempty. By Lemmas 18.2118.4118.71 and 18.91 the equivalence of 0 and (juj) in both 
the Lie algebra and group cases follows from their equivalence in the case that x is a reduced 
element in the Lie algebra. When x £ ti, re d is regular semi-simple, we will show in 119.21 that 
A (~l A x is an artinian scheme by explicitly computing its (finite) length. Thus 0 implies 0]). 

To complete the proof of the equivalence of the three properties, we will show that if a; £ tyred 
is not regular semi-simple, then the intersection A D A^, is not a scheme. Write x in the form 
(18. 101) . with a £ O)5 =0 an d b £ Od- Then x is not regular semi-simple (if and) only if the 
elements ab and b are linearly dependent over F (which as before we take to act on D on the 
right). 
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First suppose that i / 0. Then b 1 ab £ F inside D. Or in other words, a is in the 
image of the conjugate embedding i := 6 t E , in the notation of m- Since F/Fq is ramified, t 
makes E into a formal (/p-module of height 1, and we denote by £ L the corresponding canonical 
lift of E over SpfO^. Via the Serre construction, Of ®o Fo gives a SpfO^,-point on M 2 - 
Since a lifts to an endomorphism of £ L , diag(a,a) lifts to an endomorphism of Of ®o Po £l- 
Since b £ On conjugates into 1, it lifts to a homomorphism £ —>£,,. Hence [ b ^] lifts to a 
homomorphism £ —> Of ® 0 Fq £<-• Similarly, since b = b~ x Nb conjugates t into tg, \irb bzu] 
lifts to a homomorphism Of ®Of 0 £l —> £■ This shows that x lifts to an endomorphism of 
{Of ®Of 0 £1) x £• Thus we’ve constructed a Spf 0^,-point on A fl A x , which shows that A fl A^ 
cannot be a scheme. 

The case that b = 0 is even simpler: let £q be any formal Of 0 -module over Spf which 
lifts E and for which the endomorphism a lifts. Then as before x lifts to an endomorphism of 
{Of ®Of 0 £ 0 ) x £, so that we again obtain a Spf O^-point on A fl A x . 

Now let us prove the final assertion, i.e. that for g £ Ui, ts {Fq) we have 

Int(g) = length(A fl A g ). (8.18) 

We follow [271 Lem. 4.1] and El Prop. 11.6]. Let R be the local ring at a point x £ An A g 
of A/2 x A3. Then A is defined in x by the ideal generated by a regular sequence /1, / 2 of R. 
Hence the Koszul complex K(fi, f 2 ) is a free resolution of the //-module Oa,x, and the complex 
K{fi,f 2 ) ®n Oa 9 ,x represents (O a 0 Ag )x- But 

K(/i,/ 2 )®r Oa 9 =K(J 1 J 2 ), 

where f i denotes the image of /,; in O a 9 , and where on the right-hand side appears the Koszul 
complex as Oa 9 ^-module. Since A and A g intersect properly, f ± , / 2 forms a regular sequence in 
£>a 9 ,i which generates the ideal of An A g , we see that K{f 1 ,f 2 ) is a free resolution of OAnA g ,x- 
Hence {Oa OaJi is represented by OAnA g ,x- The asserted equality (18.181) follows. □ 

Corollary 8.11. For x £ ti irs and £ = diag(±l2, ±1), 

£-Int(x) = £-Int(* re d) = length(A n A Ci ,( x )) = Int(c^(a;)). 

Proof. Lemma T8.9I gives the first two equalities, and the vanishing of higher Tor terms asserted 
in Proposition 18.101 gives the last one. □ 


9. Explicit calculations for the Lie algebra 


By the results of the previous section, the calculation of intersection numbers in the situations 
of interest to us reduces to the calculation of ZTnt(:r) for a reduced, regular semi-simple element 
x £ ti. In this section we effect this calculation. 


9.1. Keating invariants. To begin, we briefly recall the theorem of Keating [2S1 Th. 2.1] in the 
case that F/F 0 is ramified. Fix any Fo-embedding of F into D , and let if £ On- Let disty (ip) 
be the “distance” of if to the order Oj of conductor j in F, i.e. 

distj(0) := max] vd(x + if) \ x £ Oj }. 

Equivalently, disty(0) is the positive integer l such that 

ip £ (Oj + tt £ O d ) \ (Oj +tt 1 +£ O d ). 

(Recall that we use the uniformizer tt of F as the uniformizer of On-) We may also describe the 
distance as the minimum 

disty (ip) = min{/(0_),£y(0 + )}, (9.1) 

where 0+ and ip- are the components of ip with respect to the decomposition (18.11) , and 


£(ip-) = v D {ip-) and £j(ip+) 


v D (lm(ip+)), v D (lm(ip+)) < 2j; 
+00, v D (lm(0 + )) > 2 j. 


Here lm(0 + ) = (ip + — 0 + )/2 £ F ltr_0 i s the imaginary part; note that ti£>(Im(^> + )) is always 
odd. We adopt the usual convention that vd{ 0) = +00. 
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Proposition 9.1 (Keating). Assume that F/Fq is ramified. For j > 0, let £ = dist j(-ip) be 
defined as above. Then the length nj(ip) of the locus inside the quasi-canonical divisor Wfj 
where if) lifts to an endomorphism of the corresponding quasi-canonical lifting is given by 


e /2 


2E^-9E 

£ < 2 j is even. 

i =0 


El)/ 2 a (/+l)/2 _ l 

0 n l — 0 H 

£ < 2 j is odd; 

- / . Q 1 » 

(7—1 

i=0 H 

j -1 


2 E^ + (^-2j +W, 

£ > 2 j. 


< i=0 


We refer to the third alternative in the statement as the stable range for j relative to £, and 
the first two alternatives as the unstable range for j relative to £. 


9.2. Calculation of £-Int(x) for x £ ti, r ed- Now let us return to our convention that F is 
embedded in D via tg, as in (J8l Let x £ li, re d be regular semi-simple. By definition, 

l-lnt(x) = length(/ocMS in M2 where x lifts to an endomorphism of y x £), (9-2) 

where y denotes the universal p-divisible group over M 2 - We are going to obtain an explicit 
expression for this length by pulling the calculation back to Ml via the Serre map (as in Propo¬ 
sition 16.HI) and using Keating’s theorem. Of course, to do so we have to account for the fact 
that M 2 has two connected components, only one of which is identified with Ml under the Serre 
map. As in the proof of Lemma l8.8l let z± denote the two points in M 2 (k), with z+ the standard 
basepoint. Write £-lnt±(x) for the length of the locus occurring in (19.21) supported at z±. so that 
£-lnt(x) = f-Int+(a;) + £-lnt_(x). If g £ F£i(F 0 ) = (7(X 2 ) interchanges z+ and then via the 
inclusion F£i(F 0 ) C Ui(F 0 ), 

f-Int(x) = £-Int+(x) + £-lnt + (gxg~ 1 ). (9-3) 


We first consider the term AInt+ ( x ) in (19.81) . Write 


a 

0 _ 

nb 


0 

a 

mb 


bir 

b 

0 


a £ oy=° 


' D 


b £ O d , 


in the coordinates (18.61) . Recall from i f8.ll that the matrix entries are with respect to the Of 0 - 
linear decomposition of the framing object 

X3 = X2 x E = (Of ®Of 0 E) xE = (l<g>E + 7r<g)E) xE~ExExE. 

By Lemma 18.81 since x is regular semi-simple, we have b ^ 0 and a'_ ^ 0, where a' = b~^ab 
and the minus denotes the component of a' with respect to the decomposition (18.11) of D. Now, 
inside Ml is the special divisor T(b) where b lifts to a homomorphism jVo —•► £, where we recall 
that jko denotes the universal formal Of 0 -module over Ml, cf. ( 16.21 Since Ae lifts to the principal 
polarizations Ay 0 of jVo and Ag of £, and since the Rosati involution on D is the main involution, 
this is the same as the locus where b lifts to a homomorphism £ —y (Vo- Over the connected 
component M 2 ,+ C M 2 , the Serre map identifies y with Of ®o Fo 3^o = 1 < 8> 34) + 7r ® 3V Since 
7r £ Od of course lifts to an endomorphism of £, we conclude that T(b) identifies with the locus 
in A/ 2 , 4 , where [ b £ ] lifts to a homomorphism £ — > y and [nb mb\ lifts to a homomorphism 
y —> £; and we further conclude that the locus in T(b) where a lifts to an endomorphism of jko 
identifies with the locus in A/2,4, where x lifts to an endomorphism of y x £. By Proposition l7.ll 
we can write the divisor T(b) as a sum of quasi-canonical divisors 


T(b)= E 

0<j<v D (b ) 
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where we recall that b F denotes the image of F in D under the conjugate embedding b i E . We 
obtain from Proposition 19.II 

£-Int+(x) = rij(a'), 

0<j<v D (b) 

where the length rij(a') depends, via Keating’s formula, on the distance of a' to the original 
order in F (not to the conjugate order!). 

Now consider the term £-lnt + (gxg~ 1 ) in (19,311 . In terms of the coordinates (18.411 for Ui(Fo), 
let us explicitly take 

0 7T 0 

9 ■= tt" 1 0 0 , 

0 0 1 

which indeed has nontrivial Kottwitz invariant. Then 



■nav 1 

0 

nb 


n a 

0 

"bn 

1 _ 

0 

7r _1 a7r 

'K~ 1 b'K 

= 

0 

"q 

n b 


vobn ^ 1 

71671 

0 


7 T n b 

vo 71 b 

0 


where the superscript n denotes conjugation of the base by 7r (which is the same as conjugation by 
7 t _ 1 , since n is traceless). Thus to compute £-lnt + (gxg~ 1 ) : we can run through exactly the same 
analysis as above, with 7r b in place of b and n a in place of a. Since the elements n b~ ln a *b = w (a 1 ) 
and a 1 have the same distance to Oj , we conclude that Int_|_(gx(7 _1 ) = AInt_|_(x). Hence 

Alnt(x) = 2AInt + (x). 

We now explicitly calculate this length via Keating’s formula. Since tr(a) = 0, we also have 
tr(a') = tr(a' ± ) = 0. Therefore the formula (19.11) for the distance gives 

min{uD(a , _),'yD(a( ) _)}, v D (a' + ) < 2j; 

v D (a'_), v D (a' + ) > 2 j. 

To lighten notation, set 

£_ := yo(c/_), (■+'■= vd («+), and m := «r(6). 

Note that 1+ = u£>(«(,_) is odd, since a' + £ F is purely imaginary. Also note that these quantities 
depend only on the invariants u{x), w(x), and A(x) (which are given explicitly in (18.111) and 
(18.131) 1. via 

vd(u) = 2m, rc(w) = 2m + 4, and vd{ A)=4to + 2£_. (9-4) 

We will make use of the following ancillary calculation at several points below: for any r > 0, 
since 


dist •,(«') = 


,• rq r+1 q r+1 — q rq r+2 — (r + l)q r+1 + q 

= wi - WTF = - 


(9 -l) 2 


we have 


M 2 

j=o v 


+ (*_ - 2j + 1 )q> 


q j - 1 
9-1 

q ^-(r+ 1) 


= 2 


+ ( . £ | ^ 9 r+1 ~ 1 o r <f +2 ~(r + 1 )q r+1 + q 


= q 


9-1 ’ ' 9- 1 (9- l) 2 

r+1 2 + (l_ + l)(q - 1) - 2 {rq - r - 1) l_ + 1 + 2(r + 1) 


(9.5) 


(9-l) 2 


9-1 


2*7 + 2 


_ ^ r+1 2 (q + 1) + (l_ - 2r - l)(g - 1) _ j- + 2r + 1 
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(9-l ) 2 


9-1 


(9 — l) 2 " 


Finally we set 


t := q 


-1 


For the main calculation we now distinguish cases. 
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Case I: < l+. Then for any j , 

distj(a') = £-. 

We divide this case further into three subcases. 

(1) £_ > 2m. Then all j with 0 < j < m are in the stable range for distj(a'). Hence 


£-Int+(ir) = E 

3=0 



t- - 2 j + 1 )q j . 


Taking r = m in & replacing q with t 1 , and multiplying by 2, we obtain 


Alnt(x) = 2 1 m 


2(1 + f) + (£_ — 2m — 1)(1 — t) 


2(f?_ + 2m + l)f 
1 - t 


8 1 

(T~fF 


(2) l- < 2m and £- odd. In this case, there are some j in the stable range and some in the 
unstable range. We get 


(*-—1)/2 


qi - 1 


£-Int + (x) = Y ( 2 q Q _ i + (l- ~ 2 j + 1 )q J ) + 


™ q V -+ 1)/2 _ 1 

E 2 —- -• (9- 6 ) 


3=0 v 7 J=(^-+l)/2 

Multiplying by 2 and using m with r = {£_ — l)/2, we get 


9-1 


Mnt(^) = 2^-+ 1 )/ 2 ^i±^-2E_ 
(9-1) a-1 


2 4g 

9-1 (9-I) 2 


+ 2 ( to -E±^ + 1 


= 2 ft '-- 1 )/ 2 


(2m — £_ + 3) — (2m — — l)t 2(£_ + 2m + l)t 


2 ( g (/_+i)/2 _ !) 

9-1 
8 t 


(1 -i) 2 


1 - 1 


(1-i) 2 ' 


(3) < 2m and even. Again, there are stable and unstable j. Similarly to the previous 

subcase, we get 


£_/2 —1 


-Int(x) = 2 £ f 2^— ^ + {£- + !- 2j)q j j + 2 £ j 2- 
3=0 ' q 2 , J =*-/ 2 


«-/2+i _ i 

9-1 


l _/2 
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+ 2( m-— + 1 


_ 9 l_/2 2(9 + 1) + 9 — 1 _ g 2l_ — 1 _ 

q ( 9 -l) 2 9-1 “( 9 -l) 2 

o +-^_/2 (m — 1-/2 + 1)(1 — t 2 ) + t(t + 3) 2(f?_ + 2m+l)f 8 1 

1 (1 - 1) 2 l~t (1-f) 2 ' 


q^-/ 2 (q + 1 ) — 2 


9-1 


Case II: £_ > £ + . In this case we have for the distance 


dist^c/) 


t+, 4 <2 j; 

£-, £+> 2 j. 


We consider the following two subcases. 

(1) £+ > 2m. Then for all j with 0 < j < m, we have distj(a') = £- > 2m. Hence all j lie in 
the stable range, and we get the same answer as in Case I©, 


Alnt(x) = 2 1 


_ m 2(1 +t) + {£. - 2m - 1)(1 - t) 2(£_ + 2m + 1 )t 


81 


(i -ty 


1 - t 


(1-t) 2 ' 
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(2) £ + < 2m. In this subcase, the relevant j can be in the stable range as well as in the unstable 
range. Note that 1+ is odd. Hence we get, similarly to Case I©, 


«nt(x) = 2 ]T ( 2-^-—y- + {£- + 1 - 2jV ) + 2 ^ 2- 

“ ^ q ' J=(^++l)/2 


3=0 


r C++l)/2 _ l 

q~ 1 


2 ^(^ ++ i)/ 2 2(g + 1) + (l- - l+)(g - 1) 

(g- l ) 2 


_ £_+£±_ 4g_ 

9-1 ( 9 - 1) 2 


+2 i ra _i±±i + 1 V 2(,i< '* +1),a - 1) 






2, __i)/2 (^— — 2£_j_ -(- 2/77 -(- 3)(1 — t) T 4f 2(£_ -(- 2v7i -(- 1 )t 


8f 


(1-t) 2 


1 - 1 


(1 -i) 2 ‘ 


Part 3. Analytic side 

In this part of the paper we turn to the analytic side of the identities to be proved in Theorems 
15.221 and 15.231 and, modulo the material in Part 0 on germ expansions of orbital integrals, we 
complete the proofs of these theorems. 

10. Inputs from local harmonic analysis 

In this section we formulate some basic facts about harmonic analysis on the spaces in play 
in the Lie algebra and group settings. Except where noted to the contrary, we allow n to be 
arbitrary. 

10.1. Lie algebra setting. Let 

7r s : s —S> b (10-1) 

be the categorical quotient of s by H’ as discussed in 1)2.51 say by taking either set of invariants 
(12.81) or (12.101) . Thus b is an affine space over To of dimension 2n — 1 (given explicitly in (12.111) 
in the case of the invariants (12.101) 1. Let b rs be the image of s rs in b. Then 

b rs = { x £ b | A(x) ft= 0 }, 

where A denotes the discriminant (18.121) . Since this is a global function on s which is H'- 
invariant, it descends to a global function on b. 

For qY £ Cf°(s), we note that the function y i-a u(y) Orb (y, (ft) descends to a function p on 
brs (Eo)- Let C£?(b rs ) denote the space of locally constant functions on b rs (To) whose support 
has compact closure in b(To) (functions with relatively compact support ). By p?71 Lem. 3.12] the 
function p lies in C“(b rs ). By a slight variant of [371 Prop. 3.8], we have the following. 

Theorem 10.1. Let p be a function in (7“(b rs ). The following properties are equivalent. 

(i) There exists a function (ft £ Cft 3 ( s) such that 

= u(y) Orb (y, (ft) for all y £ s rs (F 0 )- 

(ii) For every xo £ b(To), there exists an open neighborhood V Xo of Xq and a function <ft Xo £ 
Cf°(s) such that 

V{n s {y)) = u{jj)Ovb{jj,(ft Xo ) for all y £ irft 1 (V Xo D b rs (F 0 )) = ^(Ko) O s IS (F 0 ). 

□ 

A function p £ C£?(b rs ) satisfying property (©) is called an orbital integral function ; a function 
p on b rs (Fo) satisfying property dn]) is called a local orbital integral function [371 Def. 3.7]. More 
precisely, if p satisfies property © locally around xo, then p will be called an orbital integral 
function locally around xq. 

We note that the map 7r s in (110.11) induces a surjection on Td-rational points, and we have a 
decomposition 

brs(Ed) = b rSi o II b rSj i (10-2) 

into a disjoint union of two open (for the p-adic topology) subsets. Here b rSj j is the image under 
7r s of the set s rs y of elements in s r s(Eo) which match with elements in Ui jrs (To). 
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This decomposition can also be explained by a similar picture on the unitary side. Taking 
the same invariants as used in realizing the quotient map (110.11) . by 112. 51 we obtain for i £ {0,1} 
a categorical quotient map 

7T U4 : Ui —*■ b. 

Then b rS) j is the image under 7r Ui of Ui jrs (To)- To be quite clear, the maps tt Uo and 7r Ul do not 
induce surjections on To-rational points, cf. the remark after Lem. 3.1 in m- 

Proposition 10.2. Let n = 3. For i £ {0,1}, an element x £ b rs (J 7 o) iies in b rSj i if and only if 
ri(-A(x)) = (-1 

Proof. This follows from Lemma l!P1 noting that we rescaled A(x) by the factor —w~ 2 in (18.121) . 
(One can also use (18.131) for i = 1, taking note that r](— Na/_) = —1, and the explicit coordinates 
given in (111.51) below for i = 0.) □ 


Of course, Lemma [2~i1 works perfectly well to distinguish between the two summands in (110.21) 
for any n; we have stated the proposition for n = 3 only because we are now working with the 
rescaled version of A. 

We conclude the subsection by noting the following. 


Lemma 10.3. Let <f>' £ Cf°(s) be a function with transfer (</>, 0) £ C^°(uq) x C£°(ui). 
function 


uj(y) dOrb (y, </>'), 

0 , 


y £ s rs ,i; 

y £ Srs,0 


Then the 


descends to a function on b rs (Fo) which lies in C“(b rs ). 


Proof. By Remark 1 5.4 lUl) (or rather, its Lie algebra analog), the function descends to a function 
<p on b rs (-F 0 ). The map n s : s(F 0 ) —> b(-F 0 ) is continuous and hence sends the support of <f' (a 
compact set) to a compact set in b(To)- The support of <p lies in the image of the support of ft 
under 7r s and is therefore relatively compact. The local constancy of <p follows from the same 
argument as in EH Lem. 3.12] (which is about the case y u(y) Orb (y, <f>')). □ 


10.2. Group setting. We now translate the contents of 1 110.II to the group setting. Let B 
denote the categorical quotient of S by H r , and B\j i the categorical quotient of Ui by Hi for 
* = 0,1. These are affine varieties with rings of global functions given by the ring of invariants. 
We denote by 

7rg: S —> B and 7 Tu t '■ Ui —> Bjj i 

the corresponding quotient morphisms, and by B rs , resp. Bjj urs , the images of S rs , resp. £/j. rs , 
under these morphisms. All of these are open subschemes defined by the non-vanishing of the 
discriminant function (which by equivariance drops to the categorical quotients). On the level of 
Fo-rational points, we write B ts (Fq) and B(Fq) is , resp. Bjj it i S {Fo) and -Bf/,(-fo) rs , interchange¬ 
ably. 

We are going to see that, in analogy with the Lie algebra case, the quotients B, Bu 0 , and 
Bjj 1 can all be naturally identified. To facilitate the precise statement and proof of this result, 
we introduce the Cayley transform on each of our Lie algebra spaces (cf. 118.31 for the case of iq 
when n = 3). LetFl 

s° := { y £ s | det(l — y) ^ 0 } and u° := { x £ iq | det(l — ir) ^ 0 }, i = 0 or 1. (10.3) 

Then under the respective quotient maps 7r s , 7r Uo , and 7r Ul , these open subschemes descend to 
a common open subscheme b° of b. Next recall from the Introduction the norm 1 subgroup 
F 1 = {£ £ F | N£ = 1}, and define 

S 1 := { diag(£i • l„_i,6) | 6,6 £ F 1 } C S(F 0 ). 

Then S 1 canonically identifies with a subgroup in both Uq(Fq) and U\ (Fq) (upon choosing any 
special embeddings of Uq and U\ as in m- 


1;L Here by det we mean the usual n x n determinant M n —> Resjr/jr 0 A, relative to any choice of 

basis for the hermitian space Wi in the case of Uj. This definition of is consistent with the notation (ismi 
for uJ(Fo), but note that the matrix representations used in ^8] involve entries in D , and therefore care must be 
taken to correctly interpret their determinant. An analogous remark applies in the definition of U\£ below. 
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For £ £ S 1 , we define the Cayley transform for Uo and Ui via the same formula as in (18.1511 

: u“- >Ui, i = 0 or 1. 

x I-£ 


->Ui, 

.1 + x 


(10.4) 


’ 1 — x 


Then is i^-equivariant, and, abusing notation, we continue to denote by the induced map 
on the quotients 

c 5 :b°— >B Vi , i = 0 or 1. 


Remark 10.4. This definition of on uj generalizes the definition in 98.31 when n = 3 and 
£ = diag(±l2, ±1). But note that for more general £ there is a small subtlety between the matrix 
notation we are currently using and the coordinates in ^5] the element diag(£i,£i, £2) G S 1 is 
expressed as 


a 

P 

0 


(dm 

a 

0 


0 

0 

6 


G CM*o) 


in the coordinates (18.4[) . where £1 = a + /3n with a, /3 £ F 0 . 


To define the Cayley transform on s°, note that the formula in (110.411 only gives a map into 
S when £ is of the form £1 • 1„. To define (7 for an arbitrary £ = diag(£i • ln_i,£ 2 ) G S 1 , first 
choose vi, V 2 Gf x such that V\/v\ = £1 and V 2 /V 2 = £2, and set 

v := diag(ui • l„-i,u 2 ). 


Then we define 


c ? : 


s°- 

y\ - rV ■ 


—s-S 

1 + y 
1 -y 


(10.5) 


As before, is FF'- e quivariant. Note that this definition depends on the choice of and u 2 , 
but the induced map on the quotients (which we again abusively denote by <7) 

c« : b° —* B 


depends only on £. When £ is a scalar matrix, by convention we always take v\ = then the 
Cayley transform into S is given by the usual formula y 1— > £(1 + y)(l — y )~ l . 


Lemma 10.5 ( } 37 ( Lem. 3.4]). For £ € S 1 , define the open subschemes S| C S and U°^ C Ui 
by 


S| := { 7 G S | det(£ + 7) 7^ 0 } and U°^ := {g £ Ui | det(£ + g) ^ 0 }, 


(i) The Cayley transform induces an H'-equivariant isomorphism 


i = 0 or 1. 


s 


O 





SI- 


Furthermore, let £1, £ 2 , • ■ •, £ n +i be n + 1 distinct elements of F 1 . Then, as j varies, the open 
subschemes S| ln coverS. 

(ii) Analogous statement for Uo and Uq (and Ho-equivariance) in place of s and S. 

(iii) Analogous statement for iq and U\ (and Fb\-equivariance) in place of s and S. □ 


The following generalizes Lemma [8771 

Lemma 10.6. For any £ £ S 1 , an element y in any of s°(Fq), Uq(-Fo), or u°(.Fo) is regular 
semi-simple if and only if (7 ( y ) is. 

Proof. We show that the sets of vectors {y l e }" = T 0 1 and are linearly independent if 

and only if {cg(y)*e}^ ) 1 and { t ec^(y) l }”T 0 1 are; see 92.41 Set c := cq n . First note that the 
same argument as in the proof of Lemma 18.61 shows that there is an equality of F-algebras 
F[y] = F[c(y)], which proves the desired equivalence when £ = l n . 

For an arbitrary £ = diag(£i - l„_i, £ 2 ), we next claim that {c^(y) l e}" = T 0 1 is linearly independent 
if and only if {c(y)*e}”r 0 1 is. To show this we make a little calculation which will also be useful 
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later. Let ( := diag(l„_i,^ 2 /^ 1 )- By an easy induction argument, for any A £ M n (F), there is 
an equality of matrices 


[e (Ae ... ((A) n 1 e] = [e Ae ... A n 1 e] 


1 


1 


for some upper triangular unipotent matrix on the right. Hence for the Cayley transform on Ug 
and uj, 


det 


e C((y)e ... (c ? (y))” *e = det e £c(y)e ... (£c(y)) n "e 


v n—1 


_ £n{n— 1)/2 

— SI 




n(n—1)/2 


det e (c(y)e ... (Cc(y))” 1 e 

det [e c(y)e ... c(y) n_1 e] . 


( 10 . 6 ) 


For the Cayley transform on s°, taking v = diag(iq • l ra _i, P 2 ) as in the definition of c^, we have 
V ~ X ■ e c ? (y)e ... (c?(y))" _1 e = P 2 _1 e ^c(y)i/ 2 _1 e ... • 

Hence, calculating as in (110.61) . 


det 


e c 4 (y)e ... (c £ (y))” ] 

= det(p) • vif n ■ det [e c(y)e ... c(y) ra_1 e] 

= (^i/P 2 ) n_1 ^ ( " _1)/2 det [e c(y)e ... c(y) n_1 e] . 


(10.7) 


The equalities (110.61) and (110.71) prove the claim in all cases. A similar calculation shows that 
{*ec$(y)®}£^o i s linearly independent if and only if { t ec(y) I }’U~ 0 1 is, which completes the proof. □ 


For ( £ S 1 , let denote the image of in B, and let Bfj. ^ denote the image of U°^ in 
Bjjt ■ Then the Cayley transforms drop to isomorphisms 

b° B\ and b° 5 °. ^ i = 0 or 1. 

Thus we obtain isomorphisms 

cpt.: Ah, B^j. ^ i = 0 or 1. ( 10 . 8 ) 

Lemma 10.7. Let i = 0 or i = 1. There is a unique isomorphism B — > Bu i which induces 
for each £ £ S 1 the isomorphism (110.81) . This isomorphism induces an identification of open 
subschemes B rs A- Bu ijls . 

Proof. What has to be seen is that for any £, y £ S 1 , the isomorphisms and p v coincide on the 
intersection B^nB°. Now, after base extension from Fq to F, there are standard isomorphisms 
of algebraic varieties 

S F = Ui F = GL„^ and s ®i ? 0 F = iq 0 f o F — M nj i?. 

The latter identification is compatible with the quotient maps n s and n Ui to b ®f 0 F , and it also 
identifies s° ®f 0 F = u° ®f 0 F. Similarly, H' ®f 0 F = Hi ®f 0 F = GLn-i^- Since formation 
of the categorical quotient commutes with flat base change, the first isomorphism in the display 
induces an isomorphism of algebraic varieties over F, 

B <S>f 0 F = Bu i ®p 0 F. 

Under the above identifications, the Cayley transforms on s° F and on u° F need 
not coincide (indeed the Cayley transform for s is not even well-defined in terms of £), but one 
readily checks that they are GL ra _i(F)-conjugate. In other words, under these identifications, 
the base change to F of the isomorphism ip^ becomes simply the identity morphism. Now the 
assertion is obvious. □ 
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Via the lemma, we regard B as the common categorical quotient of S by H' , of Uo by Hq, 
and of Ui by H\. Analogously to (110.211 . we obtain a disjoint union decomposition 

-Brs(-Po) = -Brs.O II R rSi i, (10.9) 

where f3 rs ,» is the image under 7 Tu t of Ui tTS (Fo). Equivalently, R rS) j is the image under ns of the 
set S rs ,i of elements in S ts (Fq) which match with elements in Ui tIS (Fo). We have 

Srs = T5 (firs): *S*rs,0 = T5 (I^rs.O) 5 and S rs [ = 7 T g (B rs \ ) . 

Of course, setting 

b r ° s :=b rs nb°, b r ° Si0 := b°(E 0 )nb rs ,o, and b r ° s>1 := b°(F 0 ) O b rSil , 
the decomposition 

b° s (Fo) = b° Si0 Hb° Sil 

is compatible with the decomposition (110.91) under the Cayley transform for any ( £ 5 1 . 

For f £ Cf°(S), we note that the function 7 1 —> 01(7) Orb(7, /') descends to a function p on 
B IS (F 0 ). Just as in the Lie algebra case, p is locally constant with relatively compact support 
on B rs (F 0 ). We denote the space of such functions by Cf£(B IS ). By Prop. 3.8 and the remarks 
before Lem. 3.6 in m, we have the following. 

Theorem 10.8. Let p be a function in C(f(B rs ). The following properties are equivalent. 

(i) There exists a function f £ Cf°(S) such that 

T{^s{ 7)) = <*>(7) Orb(7, /') for all 7 £ S IS (F 0 ). 

(ii) For every point in B(Fq), there exists an open neighborhood V of the point and a function 
f £ Cf°(S) (both depending on the point) such that 

^(^( 7 )) =w( 7 )Orb( 7 ,/') for all £ n^ 1 (V (1 B IS (F 0 )) = n^ 1 (V) <1 S IS (F 0 ). 

□ 


As in the Lie algebra setting, we call a function ip £ Cf^(B IS ) satisfying JnJ) a local orbital 
integral function , and if tp satisfies © locally around a given point, then we call p an orbital 
integral function locally around the point. 

Similarly to Lemma 1 10. 31 we have the following. 


Lemma 10.9. Let f £ Cf°(S) be a function with transfer (/, 0) £ Cf°(Uo) x Cf°(Ui). 
the function 


<*>(7) <90rb(7, /'), 7 G 5 rs ,i; 
0? '7 £ ^rs,0 


descends to a function on B is (Fq) which lies in CfO(B IS ). 


Then 


Proof. The same argument as in the proof Lemma 110.31 shows that the function descends to a 
function with relatively compact support. The local constancy of the descended function reduces 
to Lemma llO.31 bv a partition of unity argument (cf. the proof of 13T1 Lem. 3.6]). □ 


10.3. Reduced Lie algebra setting. In this subsection, we formulate a variant of the Lie 
algebra version which eliminates “trivial” factors from s. 

For y a point on s, write y in the block form 


V = 


A 

c 


b 

d 


£ Res^yp’j, M„, 


as in (12.91) . In analogy with Definition 18. 11 let s re <i denote the closed subscheme of reduced points 
in s, defined by 

Sred :={i/Ss|trA = 0 and d = 0 }. 

Then s re d is an R'-invariant subscheme of s. Define b re d to be the product of the middle 2n — 3 
factors in the target in (12.111) . 


n —2 

alternating 

factors 


n— 1 

alternating 

factors 
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Then the composite map 

r . 

7£ed ■ S re d t 5 ^ Ored 

y I-» (ti A 2 A ,..., tr A rl ~ 1 A, cb,..., cA n ~ 2 h) 

is a categorical quotient for s re d by H'. In terms of this notation, we also realize the quotient 
map (110.111 for s by taking b = b re d x Si x Si and 

7 r s : S - bred X Si X Si 

y l-» «(?/), tr A, d) 

(of course this is nothing but a reordering of the factors in (12.111) ). 

There is a natural .ff'-equivariant map s —> s re d) y '-A 2/red, sending 

A - ■ l„_i bl 

n— 1 n 1 

C 0 

This induces an evident Kf'-equivariant product decomposition s = s re d xsi xsi, where the map 
onto the last two factors is given by taking tr A and d. We obtain a commutative diagram 


A b 

c d 


S ; —» S re d X Si X Si 

7T re dXidxid (10.10) 

ll = bred X Si X Si. 

We also denote by x i-A a; re d the natural projection b —► b re d, and we regard b re d as a closed 
subscheme of b via the 0 section. 

The following extends both the statement and proof of Lemma HO to the case of s. 

Lemma 10.10. An element y £ s(To) is regular semi-simple if and only if y Te d Is. 


Proof. By an easy induction argument, there is an equality of matrices 

'1 


[e y ied e ... y xed e] = [e ye ... y n 1 e] 



1 


( 10 . 11 ) 


for some upper triangular unipotent matrix on the right. Similarly, the matrices 


‘ *e ‘ 


' ‘e ' 

^2/red 

and 

‘ey 

£ 71 — 1 


t „ „ .71 —1 

. e 2/red . 


ey 


differ by left multiplication by a lower triangular unipotent matrix. The conclusion now follows 
from the linear algebra characterization of regular semi-simple elements in 1 12.41 □ 


All concepts introduced in 1110.11 in the Lie algebra context have obvious analogs in the “re¬ 
duced” setting. The analog of Theorem IIP. II for the reduced set is the following. The proof is 
essentially the same. Set 

£red,rs :== ^red Ll S rs and b re d,rs :== ^rcd Ll b rs . 

Theorem 10 . 11 . Let ip be a function in C(J > (b re d,rs)- The following properties are equiva¬ 
lent. 

(i) There exists a function ft £ C)) 0 (s re d) such that 

p(^red(y)) = oj{y) Orb(y, ft) for all y £ s re d,rs(^b)- 

(ii) For every x d £ b re d(-Fo), there exists an open neighborhood V Xo of xq and a function ft Xo £ 
Cd°(s re d) such that 

ip(TTred(y)) = u(y) Orb(?/, ft XQ ) for all y£ 7T~^(l4 0 Ll b red ,rs(-Fo)) = T^dO^o) n s re d,r S (-Fo)- 

□ 
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Remark 10.12. A useful class of orbital integral functions in C^brcd.rs) is provided by Corol¬ 
lary [TBT31 Similar results hold for b rs and B rs . 

11. Reduction to the Lie algebra 

The main aim of this section is to show that Theorem 15.221 (the main group theorem) follows 
from Theorem 15.231 (the main Lie algebra theorem). Except where noted to the contrary, from 
now on we specialize to the case n = 3. 

11.1. Renormalized invariants on S 3 . We first fix a slight renormalization of the categorical 
quotient map 7 r 5 in 910.31 when n = 3, in analogy with the renormalization of the invariants on 
Ui given in (18.81) . As in 910.31 we take 

b = A x A x Si x si x Si and b re d = A x A x Si 
over Fq. Then we realize the quotient maps 7 r s and 7r re d as 

7T 5 : S r b ^ T re d * S re d t b re d 

V l-> (A(y), u(y), w(y), tr A, d ) y (-t (A (y),u(y), w(y )), 


where we write the point y in the usual block form 

\A b 


V = 


£ Res 


•F/Fq 


m 3 


and where 

A(y) := det A, u(y) :=-a7 _1 cb, and w{y) := w~ l cAh. (11.1) 

Of course, the invariants used in this definition of 7 r s , regarded as defined on Res^y^ M 3 in 
the obvious way, give exactly the invariants (18.81) on iq, relative to any special embedding of iq 
in the sense of 92.31 From now on we realize the quotient map 7 r Ul —> b via these invariants. 


11.2. Coordinates on Uo and Uo- In parallel with 98.11 we now describe the unitary group Uq 
and its Lie algebra Uq in terms of explicit coordinates. Define the F/ Jo-hermitian matrices 


r — 
j 0 


— 7T 0 


£ M 2 (.F) and Jo := 


A 0 
0 1 


G M 3 (A). 


Then Jq and Jo determine non-degenerate split F/ Jo-hermitian spaces of dimensions 2 and 3, 
respectively. We take 


Explicitly, 


H 0 = U(j£) and t/ 0 =U(J 0 ). 
U 0 (F 0 ) = {g€M 3 (F)\ggi = 1}, 


where the adjoint = J 0 lt gJo is given in coordinates by 


cq 

0,2 

b{ 

t 

G .4 

— a 2 — 7 r^ 1 c 2 

03 

04 


= 

-03 

Ol 7T _1 Cl 

Cl 

c 2 

d_ 


— 7 rb 2 

7161 d 


( 11 . 2 ) 


Of course, U 0 is described similarly in terms of Jg, and it embeds in Uo, via the rule h 1 —>• 
diag(ft, 1), as the stabilizer of the special vector e = (0,0,1). We also note that under these 
coordinates, the tautological embedding of SL 2 into Res^yF 0 M 2 identifies 

SL 2 SU(J<5). 

The Lie algebra Uo is given in these coordinates by 
Uo(-Fo) = { x e M 3 (F) I x + = 0 } 


(11.3) 


Ol 

02 

bi 

a 3 

— Ol 

^2 

7T b 2 

—nbi 

d 


tr —0 


oil, b±, b 2 G F, a 2 , 03 £ Jq, d £ F 


Recall that our formulation of the AT conjecture in S}5] involved the choice of a 7 r-modular 
lattice Aq C Wq = F 2 . We now take for Aq the standard lattice Op C F 2 , which is indeed 
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7r-modular for Jq. As in (E3D, we then take Ao = Op C F 3 , and Kq and 60 are the respective 
subgroups of Uo(Fo) and Uo(-fo) stabilizing A 0 : 

Ko = Uo(F 0 ) n M 3 (Of) = { g e M 3 (Op) | gg * = l} 

and 

to = Uo(-Pb) (~l M 3 (Of) 

a\ d2 
o 3 —a\ 

^275 —6l7T 

We also set 

Given a point x in Uo, write x in the block form 

\A b' 



bi 

^2 

d 


fri, &2 € Of, fl2,«3 £ Op,, dGOp 


,tr=0 


to,rs •— to G tio,rs(-^b)‘ 


We realize the categorical quotient of Uo by FI 0 by taking the same invariants as in the previous 
subsection, 

7t U q : uo- > b = A x A x Si x Si x si 

x I- > (\{x), u(x), w(x),tr A, d ), 

where A, u, and w are as defined in (111.111 . 

As in the cases of Ui and s, we say that x is reduced if tr A = d = 0. We write Uo, r ed for the 
closed subscheme of reduced points in Uq. In terms of explicit coordinates, 


f 

ai 

a.2 



1 

^0,red(-^b) — \ 

_ a3 

-ai 

b 2 


01,02,0,3 £ Fq, b\, 62 6 F . 

l 

p2^ r 

— blTT 

0_ 


1 


As in previous cases, there is a natural map Uq -a Uo jre d, x 1 —>■ x re d, sending 


'A b 


A — |(tr A) • 1 2 b 

c d 


c 0 


and this gives rise to an JLo-equivariant product decomposition 


(11.5) 


U 0 -—r U 0 ,red X Si X Si 

X I -> (a^red, tr A, d). 


( 11 . 6 ) 


Just as in Lemma IHT21 for Ui and Lemma fit). 101 for s, an element x S Uo(-Fo) is regular semi-simple 
if and only if £ re d is. We set 

Uo,red,rs := Uo,red G Uo,rs, f(),red • = to nuo jre d(A 0 ), and ^0,red,rs •— ^0,red nt 0 ,rs* 


11.3. Integral Cayley transform on Uo. In this subsection we prove an analog for Uo of 
Lemma 18.41 which pertained to the Cayley transform on Ui. Let £ £ S 1 . Recall from (110.31) the 
open subscheme uj C Uq, which is the locus where the Cayley transform is defined, and recall 
from Lemma TlO.51 its image Uq ^ C Uq. Define the sets of Fo-rational points 

Uq° :={x£ u ° 0 (F 0 ) | det(l - x) e O* } and := { 9 € U^(F 0 ) \ det(£ + <?) € 0$ }. 

It is trivial to verify that carries Uq° isomorphically onto Uq and we then have the following. 

Lemma 11.1 (Cayley transform for to)- For any ( £ S 1 , the restriction of the Cayley map to 
60 D Uq° induces an isomorphism 




to n Uq 0 

x 1 — 


-> K 0 n c/ 0 °° € 




1 + X 

1 — X 


Furthermore, the sets Kq D Uq°^, as £ varies over the four elements diag(±l 2 , ±1), cover Kq. 
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Proof. Clearly c^o Dug 0 ) C K 0 n Uq and it is also clear from the inverse formula 




f-'g -1 

^9 +1 


that 1 (A" 0 fl U^f) C to CUg°. This proves the first assertion. It remains to show that if g £ K 0 , 
then det(£ + g) £ Of, for some £ = diag(±l 2 , ±1)- In terms of the coordinates in the previous 
subsection, write g in the block form 


9 = 


A 

c 


b 

d 


Since g £ Kq = Uo(Fq) fl GL 3 (Of), we may reduce the entries of g mod ir. Since g^ = g 1 also 
has integral entries, (111.21) shows that that gk is of the form 


flfc 


Ak bfe 

0 ±1 ’ 


where the subscript k everywhere denotes reduction mod 7 r. Since Kq has symplectic reduction 
in the sense of Remark l53?l Ak £ Sp 2 (fc) = SL 2 (fc). Hence Ak + I 2 or Ak — 1 2 is invertible, since 
otherwise Ak has eigenvalues 1 and —1, contradicting Ak £ SL 2 (fc). The lemma follows. □ 


Remark 11.2. Note that 60 is not contained in iig°, nor even in Ug(-Fb), i.e. is not defined 
on all of 60 . This differs from the situation for £ 1 . Indeed, defining uj 0 C Ui(-Fg) in the obvious 
way (bjO det(l — x) £ Of), the proof of Lemma [531 shows that £1 C uj°. 

11.4. Integral points on b. We now collect some facts related to integral points on the quotient 
space b = A x A x Si x Si x Si. Note that this space is naturally defined over 0 Fo , and 

b(O fo ) = O F0 x O F0 x Of=° x 0£=° x 0£=°. 

We claim that 

b(Of 0 ) = 7T u 0 (6o)U7T Ul (£i). (11.7) 

Indeed, the reverse inclusion is obvious from the explicit form of the invariants (111.41) and (18.81) 
on Uo and iq, respectively. For the forward inclusion, we give the following more precise lemma. 
Recall the decomposition b rs (F 0 ) = b rs ,o H b rSi i from (110.21) . and for i £ {0,1} set 

b{0 Fo ) TS ,i := b(0 F(j ) fl b rSj j, b re d,rs,z := ^red(-^b) G b rs? 2 , b [O Fq )red,rs,z := ^(^Eo) G b Ie d,rs,U 

Lemma 11.3. (i) For i £ {0,1}, 

fo((^Fo)rs,z = 'T Ui (£j ?rs ). 

(ii) Let x £ b(O^ 0 ) \ b rs (Fo). Then 

(a) x £ 7r Uo (e 0 ). 

(b) x £ 7r Ul (£i) unless x re d = (X,u,w) with —A £ F 0 X ’ . 

Furthermore, if x £ b(i 7 o) lies in the closure of b rSj i, then x is not exceptional in the sense of 

dm)©. 


Proof. The statements are immediately reduced to the corresponding ones for the reduced sets. 

To prove (0), first let x = ( X,u,w ) £ b(0F o )red,rs,i- We will show the existence of an element 
in £i,red,rs in terms of the explicit coordinates (18.101) whose image is x. We use the formulas 
(18.111) for the invariants. By Lemma [8.31 u ^ 0 since x £ b rSj i. Choose any b £ D such that 
N6 = u/2. Then b £ O f , since p ^ 2. Let a', := w/u. We claim that of, is integral. Indeed, if 
instead \w/u\ > 1, then \w 2 \ > |Aw 2 |, since A is integral. Then by (18.131) and the fact that w is 
traceless, 

7/(—A) = 7?(-(Au 2 + w 2 )) = r/(-w 2 ) = 1, 

a contradiction to Proposition 110.21 Finally choose o!_ £ D of norm A/u 2 . Then the same 
argument shows that a'_ is integral, and (18.131) shows that this suffices to solve our problem. A 
similar analysis, using the coordinates in (111.51) . shows that b(0 Fo ) r ed,rs,o = E Uo (£o, r ed,rs)- 


12 Meaning the determinant of the F-linear endomorphism 1 — x acting on the hermitian space W \; as before, 
care is required when working with the coordinates for ui in JH] 
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To prove (|u)h part (Juj) follows from the explicit construction of elements in 1 )18.11 below. 
Part db| is straightforward, again using the explicit coordinates (18.101) and the formulas for the 
invariants (18.111) . For example, the condition —A ^ F 0 X ’ 2 holds on all of 7 r Ul (uy re d(-Fo)) by virtue 
of the facts A = Na and a £ Z ? tr=0 (recall that D is the quaternion division algebra). 

Finally, suppose x = ( X,u,w) £ b re d(-fo) lies in the closure of b re d,rs,i, with A ^ 0. Then for 
x' = (A', u', w') £ b re d,rs,i sufficiently close to x, A and A' will lie in the same class in F 0 X /T 0 X ’ 2 . 
So —A ^ Fq’ 2 by the fact just cited. □ 

Remark 11.4. Although s is also naturally defined over Of 0 , the map s(Op 0 ) —> b(Of 0 ) is not 
a surjection, in contrast to the map s(-Fo) -» b(Fo) on Fo-rational points. 

For the next statement, note that the function x i-A det(l — x) descends from each of s, Uo, 
and Ui to a common function on b, and define 

b°° := { x £ b°(F 0 ) | det(l - x) £ Of. }. 

Lemma 11.5. Let x £ b(OF 0 ); and suppose that x lies in the closure of b rs ,i. Then x £ b°°. 
Proof. By Lemma Til. 31 x £ 7 r Ul ( 6 i). The conclusion then follows from Remark 111 . 21 □ 

Now recall our general discussion of the Cayley transform from ( 110.21 and that we regard B 
as the common categorical quotient of S , Uo, and U\ via Lemma llO.71 

Lemma 11.6. There is an inclusion of subsets of B(Fq), 

n Ui (Ad) \ B is (F 0 ) C tt Uo (Kq). 

Proof. Suppose that x ^ £ ttu 1 ) is not regular semi-simple. By Lemma [8.41 we may choose 
£ = diag(±l 2 ,±l) such that x := CjT 1 ^) is defined and contained in 7r Ul (ti) C b(OF 0 )- Then 
x £ 7r Uo (l 0 ) by Lemma ril.3lHI1) . and x £ b°° by Lemma [11.51 Hence x^ = c^(x) £ ttu 0 (K 0 ) by 
Lemma 111.11 □ 

11.5. Intersection numbers as a function on the quotient. In this subsection we consider 
intersection numbers as a function on the categorical quotient in both the group and Lie algebra 
settings. Recall the decomposition B rs (F 0 ) = R rs ,o H £? rs ,l from (110.91) . For any odd n, by 
Remark IP the function g i-a Int(g) on Ui(F 0 ) IS descends to a function on R rs ,i. We extend it 
by zero to -B rs , 0 j and still denote by Int the resulting function on B IS (Fo). By Remark |4.61 the 
same applies to the function x ^-Int(x) on Ui jrs , which we consider as a function on b rs (Fo). 
Note that, by Remark |4.5l and Remark 14.71 respectively, or by Lemma 18.81 and Proposition 18. 101 
when n = 3, these are finite-valued functions. 

Proposition 11.7. Let n = 3. The function Int belongs to C^(B IS ); similarly, the function 
£-Int belongs to C)j?(b rs ). 

Proof. To prove that the closure of the support of Int is compact, it suffices to prove that the 
closure inside U\(F 0 ) of the support of the function g Int(g) on Ui(Fo) IS is compact. But by 
Lemma [8.81 this support is contained in the compact subgroup K\, and hence the assertion is 
clear. A similar argument applies to f-Int. 

Now we prove that the function AInt on b rSj i is locally constant. By Corollary 18.111 this 
assertion follows from the corresponding statement for the function AInt on b re d,rs,i- But this 
follows in turn from the expressions for this function in 119.21 in terms of the quantities 
or, equivalently by flOD , in terms of the functions u,w, A on b rec j(Fb)j all of which are locally 
constant on b rec j,rs(Fo)- 

The fact that Int is locally constant on B ls i now follows from Lemma 18.41 Corollary 18.111 
and the fact that the Cayley transform cj, for any £ £ S' 1 , is a local homeomorphism (on its 
domain of definition). □ 

Remark 11.8. We conjecture that the preceding assertion regarding the function Int on B ts (Fq) 
continues to hold for arbitrary odd n. 
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11.6. The reduction step. In this subsection we complete the proof that Thcorem l5.22l follows 
from Theorem 15.231 We begin by noting the following compatibility between transfer factors 
under the Cayley transform for s, which holds for all odd n. Set s° s := s rs D s°. 

Lemma 11.9 (23 Lem. 3.5j3). Let n be odd. Then for any y G s° s (Fo) and £ G S 1 , 

w(c dv)) =v{ 2 n{n - 1 )/ 2 Hy)- 

Proof. Let 7 := c ? (y) G S rs (F 0 ). Write £ = diag(£i • l„_i, £ 2 ), and choose v = diag(ui • l n _i, v 2 ) 
with w ' 1 = £ as in the definition (110.51) of c^. By the definition (15.51) of ui on S is (Fq), 

01(7) = ^(det(7) _(n_1)/2 det(7’e)i= 0) ... in _i) 

= rj{det{Vc ln {y)v~ l ) ( " 1 )/ 2 (ui/u 2 )" _1 £” (n_1)/2 det(ci n (y) J e) i= 0 ,...,n-i) (by (110.71) ) 

= ?7((fi/C2) (n_ 1 )/ 2 (^i/^2) n_ 1 )w(ci„(y)). 

Since £iu 2 = v\V\ and = 77 2 j / 2 are both norms, we conclude that 01 ( 7 ) = w(ci n (y)). 
Therefore we reduce to the case £ = 1. Then 

7 = (1 + y)(l - y)- 1 = -1 + T, 

where we set T := 2(1 — y) _1 . We compute 

det( 7 4 e) i= 0 ) i,...,n_i = det((-l + T) l e) , =0J n _ 1 

= det(T l e)i = o,i,...,n-i 

= 2" (n_1)/2 det(l - yf~ n det((l - 2/)*®) i—n—i : n—2,...,o 
= 2"(”- 1 )/ 2 det(l - y) 1 -” det(y*e)i = o,i,...,n-i- 
Note that 1 — y = 1 + y, since y G s(Fo). Hence det(l + y) det(l — y) G NF X , and 

7y(det(l + y) det(l - y)) = 1. 

Recalling the definition (15.141) of oj on s rs (F 0 ), we conclude that 

w ( 7 ) = rj(det((l + y)( 1 - y) _1 ) ~ 2 n(n_1)/2 det(l - y) 1-n de%*e)< = o,i,..., n -i) 

= Jy(2 n ( n_1 )/ 2 )7y(det(l + y)~^ det(l - y)~^)u{y) 

= ~( 2 n(n- 1 )/2 n 


Now we return to n = 3 . The main part in the reduction step is given by the following 
lemma. Recall from Lemma 110.31 that if a function </>' G Cf°( s) has vanishing orbital integrals 
Orb(y, </>') = 0 for all y G s rSl i, then the function y uj(y) dOrb(y, </>') on s rs ,i descends to 
a function on b rSj i which, when extended by zero to b rSi o, lies in C“(b rs ); and recall from 
Lemma HO.91 that if /' G C%°(S) is such that Orb(y,/') = 0 for all 7 G S rS) i, then the function 
7 !->■ 01 ( 7 ) < 90 rb( 7 , /') on S rS) i analogously descends to an element of Cff(B rs ). 


Lemma 11.10. Let f G Cf°(S) transfer to (1 ,0) G C£°(f7o) x and let (ft G C£°(s) 

transfer to (l{ o ,0) 6 C£°( u o) x C£°(ui). Fix £ G S' 1 . Let xq G b°(F 0 ) be an element with the 
property that if Xq ^ b(O.p 0 ), then c^(xg) ^ ’Ku 0 {Kq). Then the difference function 


w(c /:(y)) <90rb(c 5 (y), /') - ui{y) <90rb (y, <j>’), x = tt s (y) G b° s l ; 
0, x G b rs ,o 


is locally around Xq an orbital integral function F^l 


^The proof of loc. cit. contains some miscalculations and should be corrected accordingly. This does not 
affect the results in loc. cit. 

^Note that this function is not defined on all of b rs (Tb), but this raises no issue since the conclusion concerns 
only the local behavior of the function near the point xq E b°(i 7 o). 
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Proof. Let / := 1 k 0 and (j) := 1{ 0 . We may assume that Xq lies in the closure of b rSi i. Choose 
an open and compact (hence closed) neighborhood V Xo of Xq contained in b°(F 0 ). Consider the 
functions 


:= ft ■ 1 


Wo) 


€ C c °°(s) and <f XQ := 


1 ] 


Wo) 


€ CT(uo), 


and similarly 


& : =/'-V(‘«Wo)> e <™ and /--/■ ^(c.Wo)) e Wo). 

Then ft Xo (y) = <t>'{y) for all y £ 7rr 1 (14 0 ) > so that Orb(y, <jf , s) = Orb (y,ft,s) for all such 
y ; and similarly for f and ft. The assertion of the lemma is therefore reduced to the same 
assertion for /' and ft. 

We claim that, after possibly shrinking V Xo , we have with respect to the Cayley transform 
: u o Uo, 

<t>x 0 = c |(/* 0 ) (11.8) 

(where the right-hand side is extended by 0 from Ug(Tb) to Uo(To)). Indeed, first suppose that 
xo £ b(O F0 ) is integral. We have 

supp^ 0 = 6 0 0 nf°(V Xo ) and supp/ Xo = K 0 D tt^ 1 (c ? (T4 0 )) • 

Since xq lies in the closure of b rSi i, we have xo £ b°° by Lemma [1 1.51 Shrinking V Xo if necessary, 
we may therefore assume that V Xo C b(0 Fo ) fl b°°. Then by Lemma Hl.il carries the left-hand 
set in the display isomorphically onto the right-hand set, which proves (111. SI) . 

If xo is not integral, then by hypothesis c^(a:o) ^ ttjj 0 (Ko). Hence, after possibly shrinking 
V Xo , both functions <j> XQ and f Xo vanish identically, so that again identity (111.81) is satisfied. 

By (111.81) . for all y £ s° s (F 0 ) matched with an element x £ Ug(fo) , we have 

w(j/)Orb(y,^ 0 ) = Orb {x,<t> Xo ) = Orb(c ? (:r), f Xo ) =w(c fty)) Orb(c € (y), f XQ ). 

By Lemma 1 11. 91 we have u(c%(y)) = c ■ ui(y) for the constant c := ^( 2 n ( ra_1 )/ 2 ). Hence the 
difference function c • c|(/' Q ) — ft Xg (viewed as an element in Cf°(s)) has identically vanishing 
orbital integrals on s rSi g. The same trivially holds on s rSj i, since ft XQ transfers to (4> Xo , 0) and f' x 
transfers to (f Xo ,0). Now the assertion follows from Corollary 111.121 below. □ 


The proof of Corollary 111.121 is based on the following theorem, which is the n = 3 case of 
Conjecture 15. lfil fsee also Remar ks !5. 171) . Recall from H5.4l that for ft £ Cft(s) and h £ H'(F 0 ) = 
GL ra _i(F 0 ), we define 

h ft(y) = ft{h~ l yh) and ft ( y ) = r]{h)ft(h^yh) - ft(y). 


Theorem 11.11 (Density principle). Let n = 3. Let ft £ Cft(s) be such that Orb (y,ft) = 0 
for all y £ s rs (Fo). Then ft is in the kernel of the natural projection Cf°(s) C^{s)h' is. 
(j>' is a linear combination of functions of the form f or g Cf°(s) and h £ H'{Fq). 

Proof. By [36], Th. 1.1], the set of orbital integrals of regular semi-simple elements spans a weakly 
dense subspace of the space of all (H'(Fo), ry)-invariant distributions on s(To)03 Therefore if a 
test function (f>' £ Cft(s) is such that Orb(y, ft) = 0 for all y £ s rs (Tg), then <f>' is annihilated 
by all (H'(Fo), ry)-invariant distributions on s(-Fg). This implies that ft lies in the kernel of the 
natural projection Cf°(s) —> Cf°(s)H',ri- Cl 

Corollary 11.12. Let ft £ Cft(s) be such that Orb(y, ft) = 0 for all y £ s rs (Fo). Then there 
exists a function ft'" £ s) such that 

u)(y) dOrb {y, <j>') = w(y) Orb(y, ft 1 ’) for all y £ s IS (F 0 ). 

In other words, y i-A to(y) dOrb(y, ft) is an orbital integral function on s IS (Fo). 

Proof. By the density principle, we may assume that ft is of the form r i( h '> h ~ 1 ft' for some 
ft' £ C%°( s) and h £ H'(F 0 ). By Lemma IB. 12lfiil) . 

<90rb( 7 , ^ h)h ~ l ft’) = log|det h\ Orb( 7 , ft’). 

Setting ft^ logjdet h\ ■ ft' completes the proof. □ 


^In 1361 this is proved for s re d? but it is trivial to extend the result to s. 
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Remark 11.13. Note that this corollary is essentially a converse to Lemma [5.1311111) . Indeed, 
in Corollary 111.121 above, we are given tj>', and are writing dOrb(y,(f>') as an orbital integral; in 
Lemma I-"). 1 .'llfTTI) . we are given <j>', and are writing Orb(y, <f>') as a derivative of an orbital integral. 

Proposition 11.14. Theorem \5.23\ implies Theorem \5.22\ 

Proof. What we need to show is that Conjecture 15.101 implies Conjecture I5.6llbl) when n = 3; 
Proposition 15.141 Lemma 18.81 and Proposition 18.101 then take care of the rest. Suppose that 
f £ C£°(S) transfers to (1 _k- o , 0), and let </>' £ C£°(s) be a function satisfying the conclusion of 
Conjecture IS.lOlfeD . 

As in 1 )11.51 we consider Int as a function in C™(B IS ) which vanishes identically on R rs , 0 ; and 
l -Int as a function in C”£°(b rs ) which vanishes identically on b rS! o- As in Lemmas 110.91 and 110.31 
respectively, we consider the function 7 i-a 01 ( 7 ) SOrb( 7 , /') as an element in C™(B IS ) which 
vanishes identically on -B r s,o, and the function y 1 —>• uj(y) <90rb(y, (f>') as an clement in C^(b rs ) 
which vanishes identically on b rS) o- Our task is to prove that the sum 

Int(<?) • log q + 201 ( 7 ) dOrb( 7 , /'), (11-9) 

regarded in this way as a function on B is (Fq), is an orbital integral function on B TS (Fo). By 
Theorem 110.81 it suffices to show that (111.911 is an orbital integral function locally around each 
Xq £ B(F 0 ). If Xq £ .B rSl i, then (111.91) is constant in a neighborhood of Xq since both terms are, 
the first by Proposition 111.71 and the second by Lemma HO.91 If Xq is outside the closure of B rs ,i, 
then (111.91) is identically 0 in a neighborhood of Xq. Hence in these two cases the conclusion 
follows from Corollary 116.3] below (or rather its analog for B IS , cf. Remark ll0.12l) . In the rest of 
the proof we assume that xj, lies in the closure of R r s.i but is not itself regular semi-simple. 

By Lemma riO.SlUl) . we may choose £ £ S ’ 1 such that the inverse Cayley transform is defined 
at Xq. Set Xo := c^ 1 (xf l ) £ b°(To)- If Xq £ njj o (K 0 ), then by Lemma fl 1.1 1 and (111.71) . we may 
furthermore choose £ = diag(±l 2 ,±l) such that Xo £ b(O_p 0 ) D b°(F 0 ). Note that this in fact 
gives us x 0 £ b(O_F 0 ) Xq £ n Uo (K 0 ), since if x 0 £ b(O_F 0 ), then x 0 £ 7 r Uo (l 0 ) H b°° by 

Lemmas 11 1 .3lflil) and lll.51 and hence Xq £ njj 0 (K 0 ) by Lemma fll.il 

We claim that for all x £ b° s (To) contained in a sufficiently small neighborhood of xo, 

Alnt(x) = Int(c^(x)). ( 11 . 10 ) 

Of course this holds trivially for x £ b rSj o- If xo £ b(O_p 0 ), then any x £ b rS! i which is sufficiently 
near xo will be contained in b(OF 0 )rs,i> which equals 7 r Ul ( 6 i jrs ) by Lemma H1.3IH1) . Hence (111.101) 
holds for such x by Corollary 18.Ill If xo ^ b(C>F 0 ), then x\ £ ttu 0 (K 0 ) by our choice of £. Since 
Xq is not regular semi-simple, Xq ^ {K-y) by Lemma fl 1.61 Hence by Lemma f 8 ~ 8 l both sides of 

(111.101) vanish for x £ b rSj i sufficiently near xo- This proves the claim. 

We conclude that for all x £ b rs (.Fo) near xo, 

Int(c € (x)) ■ log q + 2 w(c^(x)) <90rb(c ? (x), /') 

= £-Int(x) • log <7 + 2w(x) 90rb(x, cj>') + 2^w(c^(x)) 90rb(c^(x), /') — uj(x) 90rb(x, . 

By the choice of </>', the first two terms on the right-hand side cancel. By Lemma 111. 101 the 
remaining expression on the right is an orbital integral function on b rs (To) locally around xq- 
It follows that (111.91) is an orbital integral function locally around Xq = c^(xo) since the Cayley 
transform preserves the property of “being an orbital integral function.” The proposition follows. 

□ 


12. Reduction to the reduced set 

We continue to take n = 3. In this section we enact a further reduction step: we reduce the 
main Lie algebra result Theorem l5.23l to an analog for the reduced sets s r ed(-Fo), Uo,red(Ao), and 
Ui,red(-Fo)- Recall from (IIP.101) . (111.61) . and (18.91) that we have product decompositions 16 ! 

S = s re d X Si X Si, U 0 = U 0 , r ed X Si X Si, and Ui = Ui, red X Si X Si, (12-1) 

16 StrictIy speaking, 18.911 only gives the product decomposition for ui on the level of Eo-rational points, but 
this obviously extends to an isomorphism of schemes. 












































































60 


M. RAPOPORT, B. SMITHLING, AND W. ZHANG 


all of which are compatible with the categorical quotient maps to b = b re d x Si x Si. The 
matching relation for regular semi-simple elements in T2.3I obviously respects reducedness on 
both sides. Since each of the above reduced sets is stable under the group action on the ambient 
space, the formulas for orbital integrals in 115.31 make sense in the obvious way for reduced 
regular semi-simple elements and functions on the reduced set (and of course we keep the same 
normalizations). The transfer relation for functions then extends in the obvious way to the 
reduced setting: a function </>' led £ C£°(s re d) and a pair (</>o, re d, </>i,red) £ C£°(uo, re d) x C“(ui ire d) 
are transfers of each other if for each i £ {0,1} and each x £ Uj jre d,rs(-Fo), 

Orb(a:, <^, red ) = ui(y) Orb(y, </>' ed ) 

whenever y £ s re d,rs(Tb) matches x. Here the transfer factor u is the obvious one, namely 
the restriction of (15.141) to s re d,rs(To)- We are going to reduce Theorem 15.231 to the following 
statement. 

Theorem 12.1. Let n = 3. Then for any function (f>' led £ Gj^Sred) which transfers to the pair 
(ifo.recn 0 ) £ C£°(uo, red ) X C£°(ui, re d), there exists a function ^ ed , C orr £ C?°(-Sred) such that for 
any y £ s r ed,rs(-Fo) matched with an element x £ Ui !re d,rs(-fd)> 

2w(y) <90rb(y, <# ed ) = -Mnt(x) ■ logg + w(y) Orb(y, </4d,corr)- 

We will prove Theorem 112.II in 1 115.41 To see that Theorem II 2. II implies Theorem 15.231 let us 
first note the following straightforward lemma. 

Lemma 12.2. If <j>' Ted £ Cf°(s re d) transfers to (l* O red ,0), then the function 

<(>red ® l S i(O F0 )x Sl (O F0 ) £ Cf°(s) 2 * Cf°(s Ied X Si X Si) 

transfers to (l to ,0) £ (^“(uo) x C^°(ui). □ 

We also record the following fact about the transfer factor w, which holds for any odd n. It 
is an immediate consequence of the equation (ll().Ill) . 

Lemma 12.3. Let n be odd. Then for any y £ s rs (i 7 b), 

V(y)=v(y red)- □ 

Now we return to the case n = 3. 

Proposition 12.4. Theorem \12.1\ implies Theorem, \5.221 

Proof The setup is parallel to the proof of Proposition 111.141 on account of Proposition 15.141 
Lemma I%1%1 and Pronosition IS.lOl what we need to show is that Theorem ll2.1l implies Conjecture 
EtU® when n = 3. Suppose that </>' £ Cf°(s) transfers to (l to ,0). Then <f>' red := (j>'\ Sred (F 0 ) 
transfers to (lt 0ired , 0). Let c/>' ied corr £ C“(s r ed) be a function which satisfies the conclusion of 
Theorem 112.II for 0( ed . Set 

■ flared ® 1 s^(Of q ) EHld 0 cor r ■ ^red,corr ® ^-Sp(OF 0 )- 

We claim that for any y £ s(F 0 ) rs matched with an element x £ Ui(F 0 ) rs , 

2 u{y) 90rb(y, (j>") = -£-lnt(x) • log q + u{y) Orb (y, </>" orr ). (12.2) 

Before proving the claim, let us explain how it implies the proposition. By Lemma |12.21 cf>" 
transfers to (1{ 0 ,0). Hence <j>' — cj>" has vanishing orbital integrals at all regular semi-simple 
elements. Hence the conclusion of Conjecture 15. lOlfbl) for <f>' follows from the claim and from 
Corollary 111.121 

Now we prove the claim. Since the matching elements y and x have the same invariants, 
their last two components with respect to the respective product decompositions in (112.11) are 
the same. If either of these two common components does not lie in Si(O_f 0 ), then tf" and 4>" OII 
vanish identically on the -ff'(To)-orbit of y, and x fi. Hence, using Lemma [8.81 for the I -Int 
term, every term in (112.21) vanishes, and the claim holds trivially. 

Now suppose that the last two components of y and x do lie in Si(0_f o ). Then 

<90rb(y, 4>") = <90rb(y re d, <#ed) and Orb(y, 0" orr ) = Orb(y red , </>red,corr)- 










































ON THE ARITHMETIC TRANSFER CONJECTURE FOR EXOTIC SMOOTH MODULI SPACES 


61 


Furthermore, in this case x £ th if and only if x re d £ ti- Hence by Lemma 18.81 and Corollary 

Em 

£-Int(x) = ^-Int(x re d)- 

Since y re d and x re d match, and since u>{y ) = oj(jj le d) by Lemma [12.31 we conclude that (112.21) 
holds because ft ledco „ satisfies the conclusion of Theorem 112.11 for the function ft red - This 
completes the proof. □ 

Remark 12.5. We have formulated the notion of transfer above with respect to the particular 
transfer factor oj, but this notion of course make sense relative to any transfer factor, as in 
Definition 15. 1 1 in the homogeneous group setting. In particular, for c £ C x , note that a function 
0,-ed G Cc°(5red) transfers to (1L,,,„d ■ 0) with respect to oj if and only if the function C Vred 
transfers to (l{ 0 , red , 0) with respect to the transfer factor coj. It is easy to see from this that the 
truth of Theorem 1 12. II is unaffected when we replace oj by a nonzero constant multiple. 


13. Application of the germ expansion principle 


In the rest of Part [3] of the paper, we suppress the subscript in the notation ft red , and simply 
call this function ft. Also, from now on we systematically abuse notation and suppress the 
expression (Fo) when referring to sets of Fo-rational points, so that b means b(i 7 o), Uj means 
Ui(To), etc. 

In Part0]we prove a germ expansion of orbital integrals around each element xo G b re d\b re d,rs- 
The rough form of this germ expansion is as in Theorem 116.11 Taking the derivative at s = 0 of 
both sides, we obtain a sum decomposition as in (116.31) . 

oj(c r(x)) dOrb(a(x), ft) = uj(c r(x)) dOrbx (cr(x), ft) + oj(cr(x)) <90rb2 (er(x), ft). 


Here cr(x) is an explicit element in s re d above x G b re d 
have 

90rbi(cr(x), ft) = ^ 9r„(ir) Orb(n, ft, 0) 

where 

d 


defined by (117.31) and (118.61) below. We 

(13.1) 


5r„(a;) := — 

ds 


3=0 


Tn(•£> ^)• 


The explicit forms of the germ functions r„(a;, s), and the definitions of the orbital integrals 
Orb(n, < j)', s ) associated to elements which are not regular semi-simple, are given in Part[|J 
Now we assume that qY transfers to (<)>o,^i) where G C)N(Ui jr ed)- Throughout the rest of 
PartE we will assume that (f> 1 = 0. We will be concerned with the function on b re d,rs> 


x 


dOrb(a(x), (j)'), 

0, 


X G b re d,rs,l) 
X G b re d,rs,0- 


By Theorem 116.51 the term oj(a(x)) 90rb2(CT(a;), </>') is an orbital integral function. We will cal¬ 
culate <90rbi(cr(;r), </>'). To use the formula (113.Ill , we need to calculate dT n {x) and Orb(n, ft, 0) 
for all n G Tr~ft(xo)/H'. Their values are summarized by the following table. Let us explain 
some of the notation we use. 


(1) Here F' = F 0 [X]/{X 2 + Ao) is a quadratic F 0 -algebra for xo = (Ao,uo,wq) G b re d- 

(2) A = A(x) for x G b re d,rs- 

(3) The Jl> values are omitted since the corresponding values of Orb(n, ft, 0) vanish in our case. 

(4) The 4|k values are not needed in our case since we will only need those Xq = (Ao,uo,u>o) £ 
b ra d \ b re d,rs which are also in the closure of b re d,rs,i (cf. Lemma Til.31) . 


Element 

Xq G b re d \ b re d,rs 

Orbit 

representative 
n G s re d over xq 

Reference 
for orbit 
representative 

Value of 9r n (a;) 

Reference for 
Orb(n, ft , 0) 
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n(n), n £ F 0 

(Ii7.il) 

Theorem 11 7. ll 

Lemmall4.2l 

0 

no,+ 

(fTT^D 

0 

Lemma 1 14. 1| 


n 0 - 

log 1 A/ tzj\ 


(A 0 ,0,0) for Aoy^O 
and F' ft F, F 0 x To 

y+ 

y- 

piOD 

0 

i?(—A 0 ) log A/A 0 

Lemma 114. 7 Inti) 

(A 0 ,0,0) for A o ^0 
and F' ~ F 0 x F 0 

yo 

y± 

(118.11) 

(118.21) 

Corollary [TO| 

4 

4 


y++ 

(fT5T5D 

0 


(A 0 ,0,0) for A o ^0 
and F' ~ F 

1 1 

+ 1 

5* 




p^D 

4 

Lemma 114. 7llbl) 


7 ?(— 1) log 1 A/ A 0 1 



y-+ 


(X 0 ,u 0 ,w 0 ) for 

y+ 

((TS3D 

0 

Lemmall4.8l 

Uq ^ 0 

y- 

log A/(ugtu) 


14. The germ expansion of a function with special transfer 
Throughout this section, we fix a function ft £ Cf° (s re d) with transfer (l fored , 0). We set 

:= l<o,red ^ 0 ^° (Uo,red) • 

In this section, we will calculate SOrbi (a(x),ft). Note that, by Remark 116.41 the result is 
independent of the choice of the non-unique matching function ft. 


14.1. Nilpotent orbital integrals. In this section, we determine the nilpotent integrals of ft. 
The nilpotent orbits are listed in ann. We start with the two regular nilpotent orbits. We 
denote C(s) = Cf 0 (s) = (1 - q~ s )~ 1 - 

Lemma 14.1. We have 

Orb (n 0 -, ft) = -? _1 C( 1 ) and Orb (n 0 ,+ ,ft) = -r?(-l)g _1 C(l). 

Proof. Since ft transfers to (ftO), this follows from Theorem 119.41 and (119.311 . □ 

Next we calculate the nilpotent orbital integrals Orb (n(ft), ft) where n(ft) £ s re d is the family 
of nilpotent elements parametrized by £ To, given by (117.11) . When we consider Orb(n(/i), ft) 
as a function on To, we denote it by Orb^', 

Orb 0 /(/z) := Orb(n(/r), ft ). 

Lemma 14.2. 

°rb ft) = ‘ log ItI 

l H 

Proof. We first calculate the orbital integrals of f> over the family of nilpotent elements in Uo 
given by (119.11) . As in [36} §2.1], we use the Iwasawa decomposition H 0 (F 0 ) = KAN for K the 
special parahoric subgroup (hence K contains SL 2 (O_f 0 ) and all diagonal elements diag(a,a _1 ) 
for a £ Op, and vol(AT) = 1). Write 


H <!; 
ItI > I- 



h = k 


dh = £(1) dk dz dt. 


(14.1) 
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By (119.21) we then have 


l 

'0 

11TTZZ 

z 

\ 

71- 

0 

0 

0 

dz 

V 

0 

ifz 

0 

) 


'0 

—fizz 

z 

) 

0 

0 

0 

dz 

0 

—7 rz 

0 

) 


= C(i)M/ / <I>k 

F 

= q(( 1) • vol{ z € F | \z\ < 1 and < 1 }. 


Note now that F/Fq is ramified. We obtain 




Recall from the proof of [MJ Prop. 4.3] the functions 


00 • 1of 0 ? 


v(x) 

4>i{x) ■= ^ M 

,0, 


, |x| > 1; 


02 (a) := { M ’ ’ fa(x) := { \x 


M < 1, 

7?(x) log \x 


0, |x| < 1, 


0, 


, \x\ > 1; 

\x\ < 1. 


Then we have the following table for their extended Fourier transforms, cf. loc. cit. 

'0, M <1; ( -i 


<t>o(v) = < T](-v) 


' 0 , 


M > l. 


<fa{v) = ^ r}(— 1) r](v) log |u| r](—v) 

logqC(l) M M 


M < 1; 

, M > 1. 


0 iW = 


faiv) = 


q *, M < i; 

0, |v| > 1. 


C( i) 
C(i) ! 
C'(i) i 


M < 1; 

■> H > !• 


C(i) M 

In terms of the four fundamental functions 0*, we may rewrite the nilpotent orbital integral as 

Orb<£ = q((l) • (0o + 02 )- 

Note that — = 0(1)? _1 log q. Hence, by Theorem ll9.4l we obtain for the orbital integral of 


This completes the proof. 


nu - 1 ) - 

Orb^ = q- -0 3 . 

log? 


□ 


14.2. Germ expansion of SOrbi (cr(x),0 / ) around Xq = 0. We now calculate the germ expan¬ 
sion of 90rbi(cr(x), 0') around Xq = 0. In the sequel, we denote by v the normalized valuation 
for F 0 . 

We are using the section er of 7r Sred | 6r)Sd ra in a neighborhood of xq = 0 introduced in (117.111) . 
Theorem 14.3. For x = (A ,u,w) £ b r ed,rs,i near zero, 

SOrbi(cr(x),0') = 4>(x) - ? _1 C(1) log |A(x)/w|, 

where the function 4 > (x) is as follows. Set t = ? _1 below. 

Case I. |A| > |u;| 2 
(1) If v{ A) > 4 v(u), then 

$(x) = _,-w ^d + O + WAAVOd-i) log9 

(1 t) 





















64 


M. RAPOPORT, B. SMITHLING, AND W. ZHANG 


(2) If v( A) < 4 v(u) and v(A) is odd, then 

2 „( u )-^(a)+i (4 v(u) - v(A) + 3) - (4v(u) - v(A) - l)t 
$(x) = — t 2 --^-—-logg. 


(1-i) 2 


(3) If v( A) < 4u(u) and v(A) is even, then 


. , 2»(«)-«ca) f2vfu') — + l)fl - t 2 ) +1(3 + 1) 

4>(x) = ~t -5-L-i- 2 - A i-- • log q. 


(1 -ty 


Case II; |A| < |«>| 2 
(1) Ifv(w/ir) > 2 v(u), then 


^ ^ ^_ v(u] 2(l + t)+(v{A/u 4 )-l)(l-t) 

$(x) = -t vm - {1-t) 2 --- l ° gq ' 


(2) Ifv(w/ir) < 2 v(u), then 


$ {x) = t v(u)- V ( wM 4 * + N A ) + Mu) - MwM +1) a - *) . log9 

(1-t) 2 


The proof of this theorem will occupy the entire subsection. The term <90rbi(<r(x), (/>') is 
a sum of two parts, one from the two regular nilpotent orbits no± and the other from the 
one-dimensional nilpotent family ro(/r). 

We first determine the contribution of the two regular nilpotents. We use Lemma fld.ll Noting 
that rj(A/w) = —1 when x £ b re d,rs.i (cf. Proposition ll0.2D . and taking into account the values of 
9T(no±) (see table above), the total contribution of the two regular nilpotents to <90rbi (a(x),c/>') 
is equal to 

-rj(A/w) log \A/w\ Orb(n 0 _, <j>') = r](A/w)q~ 1 ((l) log \A/w\ = —g _1 C(l) log \A/w\. 

We now calculate the contribution from the one-dimensional family n(/x), which we denote by 


$(x) = / dr„( M) (x)Orb(n(/x),<//,0) d/i. 

JF 0 


It is easier to use an equivalent formula, namely (117.511 : 

4>(x) = — T)(— l)|ix| _1 / Orb^n(u _2 (f + t~ x A/w + 2w/n )), (f'jrjft) log |f| 


>F 0 


dt 

W\' 


(14.2) 


Set 


v'=w/u 2 , X' = X/u 2 , A'= A/u 4 = X'+ 


Note that rj(— A) = —1 (cf. Proposition 110.21) . Denote 

m(t) = »7(*)l*r 1 , *eF 0 x . 

By the formula for Orty in Lemma [14.2[ and substituting t tu 2 , the integral (114.21) is equal 


to 


4>(x) = -g _1 (log q)- 1 ^ 1 ■ E(x), (14.3) 

where 

H(x) = f log \t + A'/(wt) + 2w'/n\ r]i(t 2 + A!/w + 2w't/Tr) log |t| dt, (14.4) 

Jf 

where the integrand is subject to the condition 

\t + A'/ ( wt ) + 2w r /n\ > 1. 

A simple observation is that the contribution of t with |t| = \A'/(wt)\ is always zero, since 
we may pair t with A'/(wt) to see that the sum is canceled (use rj(—w) = 1, rj(-A') = —1 by 
Proposition IIP. 2D . Hence the integral in (I14.4D is equal to 

S(x) = f log \t + A'/(wt) + 2w'/ir\ r]i(t 2 + A'/w + 2w't/iv)(2 log |f| — log |A / /'ccr|) dt, (14.5) 
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where the integrand is subject to the conditions 

|t| > \A'/wt\, 1 t + A'/wt + 2w'/ tt\ > 1. 

We distinguish two cases. 

Case I: | A'| > \w'\ 2 . Then the last integral (114.51) is equal to 

E(x) = J log |£ + A'/(n7t)| ? 7 i(i 2 )( 21 og |i| - \og\ A' / m\) dt 

= J log \t\ ??i(i 2 )(2 log |t| - log | A'/w\) dt, 

where the integrand is subject to the conditions 

t\ > | A'/wt\ and 1 1 + A'/wt + 2w'/ tt\ = \t\ > 1. 
The integral is equal to 


l(x) = f 
J\t\ 


' \ t |>max{l,| £a'Ivj\ V 2 } 

Making the substitution 1 K > t~ 1 , we obtain 


log|t|?7i(t 2 )(21og|t| - log \A'/w\) dt. 


l(x) = [ 
J\t\ 


log 1*1(2 log |i| + log \A'/w\) dt. 


' |£|<min{l,| !/ 2 } 

Set n := 1 + max{0, [— v{A’/w)/2]} > 0. Then the integral is equal to 


(z) = C(l) 1 {y^{~‘Zi-v{A'/w)){-i)q • (log q) 2 . 

' i>n ' 


For later use we tabulate the following elementary formulas: 


yui- 1 

i>n 

^2i{i + l)t l 

i>n 

i>n 


nf 1 - 1 - (n - 1 )t n 

t(n{n — l)f" +1 — 2(n 2 — 1 )t n + n(n + l)t n_1 ) 
(n — l) 2 f" +2 — (2n 2 — 2n— l)t n+1 + n 2 t n 

o^W 3 ' 


(14.6) 


We now see that the integral (114.61) is given as follows. 

(1) If u(A') > 0, then n = 1 and 

H(x) = C(l)- 1 (f> + »(A'/®))«‘) • (log?) 2 = ‘(2(l + 0 + ^7°)(l-Q) . (log , f . 

(2) If u(A') < 0 is odd, then —u(A') = 2n — 3 and 

H(s) = C(l) _1 fX](2j- 2n + 2)iA ■ (log q) 2 = 2t ^ ■ (log q) 2 - 

' i—n ' ' ' 

(3) If v(A f ) < 0 is even, then —v(A') = 2n — 2 and 

x /-/-i\—l /n ■ O 1 \ • /l \2 t n {n -\- 3t1 2 — nt 2 ) , , 2 

“(*) = C(i) - 2n + l ) lt J ■ ( lo §?) =- {i-ty - L ‘ (log ^ ■ 
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Case II: |A'| < \w'\ 2 . In this case —X'/w' 2 £ 1 + ttOf (note that —A' = —w' 2 — X' is not a 
norm). Since w' £ ttFq, it follows that —X'/w is a square and hence the following equation has 
two roots 

t 2 + 2 tw' /it + A' /w = 0, t = —w'/n ± sJ—X'/w £ Fq. 

We label t 0 as the unique root such that 

M = \w'/n\ = | A'/txj| 1/2 , (14.7) 


and label t\ the other root. Then |fo| > |fi| and the integral (114.51) is equal to 

E (x ) = j log|(t- t 0 ){t- h)/t\rn((t- t 0 )(t- ii))(2log|t| - log|A / /-n7|) dt, 
where the integrand is subject to 

\t\ >\A'/wt\, \(t-t 0 )(t-t 1 )/t\>l. 

When |t| > \A'/zut\, we always have |t| > |tij. Hence the integral is reduced to 

2(x) = J log|t — to\rji ((t — t 0 )t) (2 log |f | — log \A'/w\) dt, (14.8) 

subject to 

\t\>\A'/mt\, |t — t 0 | > 1- (14.9) 


We break the integral up as a sum of three pieces according to whether |t| is less than, greater 
than, or equal to \w’/ f\. 


Lemma 14.4. When |t| < \w'/it\, the contribution to (114.81) is zero. 


Proof. Now we have \t — to I = |to I and hence the contribution is zero unless \w' /f\ > 1, which 
we assume now. Then the contribution to (114.81) is 

log \w'/ 7r| f T)i(tot) (2 log |t| - log \A'/w\)dt = 0, 

J\w*/ir\>\t\>\A r /mt\ 

since r] is ramifiedl □ 


Lemma 14.5. When |t| > \w'/ f\, the contribution to (114.81) is 

f (2 log |t| + log \A'/w\) log |t| dt. 

J It^minlljiu'/Trl -1 } 

Proof. When |t| > |u' , / 7r L we have 


J |t|>max{l,|i/; , /7r|} 

Substituting t —> 1/t, this becomes 


log |t| (2 log \t\ - log | A'/w\) |t| “ dt. 


'\t\ 1 >max{l,|iH / /7r|} 


log |fI (2 log |t| + log \A'/zu\) dt. 


This completes the proof. 


(14.10) 


□ 


Lemma 14.6. When \t\ = \w'/ tt\, the contribution to (114.81) is 

(log \w'/n\) (log \A'/w' 2 \) K/ttI- 1 q~ x , 
when |w , /t>'| > 1; nnd zero otherwise. 

Proof. The constraint \t\ > \A'/wt\ in (114.91) is now superfluous. Under the assumption \t\ = 
\w'/- k\ = |io| (cf. (114.71) 1. we divide the integral (114.81) into two cases: \t — to | < |to| an d |t — to I = 

l*o|- 

First we show that when |t — £q I < |toU the contribution to (114.81) is zero. Let x = t — to and 
we see that the integral (114.81) becomes 

J log |x| 7/i (xto) (2 log \t 0 \ - log I A'/w\) dx, 
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where x satisfies conditions coining from (114.91) 

\x\ < |f 0 |, M > 1- 

This integral is equal to 


77 i(f 0 )(21og|f 0 | - log \A'/w\) 
Since ry is ramified, we have 


l<|a;|<|*o| 


log |x| rji{x) dx. 


/ log |x| r]i{x) dx = 0. 

J 1< |a31 < |*01 

It remains to consider the contribution when \t — to I = |to I - We hence have \t — fo| = |to| = 
|f| = \w'/ tt\ (cf. (114.71) 1. The integral (114.81) becomes 

log \w'/n\ (2 log \w’/ tt\ - log | A'/otQ /*((*- t 0 )t) dt , 

subject to 

\t — to| = |t| = |to|) \t - t 0 \ = \t Q \ > 1 . 

The integral is zero unless \to\ = \w f /tt\ > 1? in which case we have 

—1| v /_i-l 


f rn((t-t 0 )t)dt = \w'/Tr\ 2 f r](l - t 0 /t) dt = -q 1 \w'/n 

J It—tnl = l*l = li*' , /'7rl J \ t—t 0 \=\t\=\w'/n\ 


'\t-to\=\t\ = \w'/- r\ 

This completes the proof. 


□ 


Set n := 1 + max{0, —v[w'/tt)}. From the last three lemmas, we find that the integral (114.81) 
is given as follows. 

(1) If v{w'/n) > 0, then n = 1 and the integral (114.81) is equal to 


(x) =C(1) 1 (X](-2*-v(A '/m))(-i)tf\ ■ (log q) 2 

'i= 1 ' 


= u 


_ 1 t(2(l + t ) + v(A'/m)(l - t )) 

(T^W 2 


• (log?) 2 - 


(2) If v(w' /7r) < 0, then n = —v(w'/tt) + 1. The integral (114.101) is equal to (logg) 2 times the 
factor 


C(l) 1 ^2(2i + v{A'/w))it l 

i=n 

t n (—dn — 2 n 2 — 2 1 — dt — Ant + 2 dnt + An 2 t — 2 1 2 + dt 2 + Ant 2 — dnt 2 — 2 n 2 t 2 ) 

= TT 2 

where d = v{A'/w). The contribution from the last lemma is 

(log\w'/Tr\)(log\A'/w ,2 \)\w'/wl^q- 1 = —(n- l)(d+2n-2)t n • (logg) 2 . 


It follows that the sum (114.81) is given by 


E(x) = t n 


At + (d + 4n — 2)(1 — t) 

TT 2 


(log?) 2 . 


Note that d + An — 2 = v(A) + Av(u) — Av(w/n) + 1. Hence, by (114.81) . (114.41) and Case I (1), 
(2), (3), Case II (1), (2), we complete the proof of Theorem 114.31 
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14.3. Xo-nilpotent integrals for xo ^ 0. In this subsection, we consider Xo £ b re d \ b re d,rs 

with xo ^ 0, and calculate the orbital integrals of the Xo-nilpotent elements in s re d, he., of the 

elements in s re d mapping to Xo under 7r s , cf. i ll61 These elements are listed in Sill- 

Lemma 14.7. Let xo = (Ao,0,0) £ b re d, Ao £ F 0 X . Assume that — Ao ^ F 0 X ’ 2 . Set F' = 

F 0 [X}/(X 2 + Xo). 

(a) In case (0*) (i.e., F' qk F), 


*(*o) 


Orb(y+, <j)') = r](- A 0 ) Orb(y_, <£') = — C(l) ' 


2 q +q 2 (1 + 9 ), 

_ 1( "( A o)+ 1 . 

2 q (q 2 -1), 


when Ao £ Of 0 , and Orb(y_|_, <j>') = Orb(?/_, <j>') = 0 when Ao ^ Of 0 - 
(b) In case (On) (*.e., F’ ~ F), 

Orb(y-+, </>') = r?(-l) Orb(y+_, <£') = 0. 


2 | v(X 0 ), 
2 i u(Ao), 


Furthermore, 


Orb(y++, 4>) = 77(-l)Orb(2/__,</>') = ^(-a)C(l) 

w/ien Xq € Of 0 , and Orb(y++, <fi') = Orb (y _, <j>') = 


-2 q - 1 

2q-\q 


WA 0 ) 


^(Apj+l 


0 when Aq ^ Of 0 - 


(1 + <T 1 ), 
- 1 ), 


2 | u(A 0 ), 
2 j u(A 0 ), 


Proof. Note that <j>' matches the pair {<j >o = </>, </>i =0). By Theorem 119.51 we have case by case 
the following. 

(a) In case (0*), we have 


Orb(y + , <j>') = t?(-A 0 ) Orb(y_, ft) = i Orb(yo, <fo), 

where yo is any representative of the unique semi-simple orbit in Uo, re d above Xo £ b re d- 
(b) In case (On), since Orb(y±, <j>i) = 0, we have 

Orb (y++,(j)') =??(-!) Orb (y. —,</>') = ^rj(-a)(Oib{y + , <j> 0 ) + Orb(y_, </> 0 )) 

and 

Orb (y-+,<t>') = r?(-l)Orb (y+-,<j)') = ^?(-a)(Orb (y+Ao) - Orb(y_,^ 0 )), 
where y± £ Uo, re d are representatives of the two semi-simple orbits in Uo, re d above Xq £ b re d- 
Therefore it suffices to show the following in both cases: let yo £ u re d be any semi-simple 
element with invariants xq. Then we have 


Orb(y 0 , <f>) = C(l) • 


-2 q^ + q 

r, -If " ( ' l '0 ) + 1 

2 q (q 2 


*(*o) 


(1 + 9" 

-1). 


2 | v(X 0 ), 

2 f W (A)), 


when Ao £ Of 0 , and Orb(j/oj0) = 0 when Ao ^ Of 0 - In particular, the independence on the 
choice of yo implies that Orb(y+, 4>o) = Orb(y_. r/>o) in case (0*i). 

We may assume that yo is of the form 


V o 


0 -A 0 /e O' 
e 0 0 

0 0 0 


M = 1- 


We use the Iwasawa decomposition (114.11) as in the proof of Lemma 114.21 Note that </> is K- 
invariant. Then we have by definition 


/ t 

et 

zz(— Ao/e — et 2 ) 

O' 

Orb(y 0 , <f) = C(l) / </> 1 

e/ zz 

—et 

0 

J zFF,t£F 0 \ 

0 

0 

0 


where the integrand is constrained by 

|t| < 1, Kzz)-^ < 1, \zz(-X 0 - e 2 t 2 )| < 1 . 


dz dt, 
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Therefore we see that |Ao| < 1 or the integral vanishes. Note that — Ao is not a square by 
assumption. The integral is then equal to 


/ dzdt + dz dt. 

^l^ 2 l<|A 0 |,l<|-z|<|A- 1 | d|A 0 |<|i 2 |<l,l<|zz|<|t- 2 | 

The first integral is equal to 

g-L^ldAol- 1 -^), 

and the second one is equal to 

J|A 0 |<|t 2 |<l 

= f dt — q- 1 

d|A 0 |<|t- 2 |<l 

We distinguish two cases. 

(i) u(Ao) is even. Then the integral (lid. Ill) is equal to 

<T^(<f (A 0 ) - <Z -1 ) + (( q - q- 1 ) - g -1 (l - q-^ 

(ii) u(Ao) is odd. Then the integral (lid. Ill) is equal to 

_ -J. .. _l/i _ ^(^0 ) + l 


(14.11) 


dt. 


'|Ao|<h 2 |<l 


))=-2g- 1 + g ^(l + g- 1 ). 
— ^(^0 ) + * 


q 2 + -* )) = 2 — 1). 


□ 


_2^2+1 (Ao) , rf aibsx 

Noting the factor £(1), this completes the proof. 

Lemma 14.8. Let xo = (Ao,uo,wo) £ b re d \ b re d,rs with uo ^ 0. Then 

1 f2g- 1 (^ ( “ o)+1 -l), |A 0 |<K| 2 , 

°rb (V+, <t >) = °rb(y-, <t>) = gC(l) • \ .(>„)+! . 2 

21 12 q 1 (q * -1), |Ao| > |uo|, 

when Aq,uq £ Of 0 ,wq £ Of, and Orb(y+,<fi') = Orb(?/_,<//) = 0 otherwise. 

Proof. By Theorem 119.51 1 item (c), i.e., case (1)), we have 

Orb (y+,&) = Orb {y~,4>) = ^ Orb(y 0 , <fo), 

where yo is any representative of the unique semi-simple orbit in Uo, r ed above x$. It remains to 
show that 

'2.T - 1), |A 0 |<|uo| 2 , 


Orb(y 0 > <t>) = C(l) • 


2q \q 1 2 >+ - 1), |A 0 | > |u 0 | 2 , 


when Ao, uq £ Of 0 ,wq £ Of, and Orb(j/o, </>) = 0 otherwise. 

First we assume Ao ^ 0. We use the representative with invariants (Ao, uq, wq) (cf. (119.61) and 

GMD) 

0 — Ao 7 rab 

2/o=l 0 b 

. 0 

where a 2 = —Ao /w,a £ Fff , and —2 bba = uq. Again by the Iwasawa decomposition we arrive 
at 

t zz(—Ao — t 2 ) bz(na + t) 

1/zz —t b/~z | dzdt. 

0 


Orb(y 0 , 4>) = C(l) 


z£F,teF 0 

It is easy to see that Orb(i/, <$>) = 0 unless Ao, u o, wq £ Of which we assume from now on. The 
integrand is constrained by 

i*i <i, K^r i i<i, i^(-a 0 -* 2 )i<i, 

and 

\bz(na + t)\ < 1, \b/~z\ < 1. 

Note that — Aq = a 2 w is not a square in F 0 . We distinguish two subcases: 
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• Case |a| > |uo|, ( i.e ., |Ao| > |mo| 2 )- Then we have | 6 | < 1. The conditions \bz(na +1)\ < 1 
and \b/z\ < 1 are redundant by | 6 | < 1, \z~z(\q — t 2 )\ < 1, Kzz) -1 ] < 1. In this case we may 
simply apply the previous lemma, noting that i>(Ao) is odd. 

• Case |a| < |uo|, (i.e., |Ao| < |uo| 2 ). Then we have | 6 | > 1. In this case the constraints are 
reduced to 

\bzt\ < 1, \z\ > |6|, \bz-KOt\ < 1. 

Let vf denote the normalized valuation on F. We calculate the orbital integral according to 
vf(z), which varies from vf(V) to —VF(bna): 

Orb(y 0 » = C(!) / ([ dt]dz. (14.12) 

J l^l^l 2: l^l/l^ 7rQ: l V*'|t|F<l/| 62 :| / 

The double integral in (114.121) is equal to 

_ q~ 1 )(q VF ^q~ VF ^ + q VF ( b ')~ 1 (q~ VF ( b )+ 1 q~ v F(b)+2^ _|__|_ ^-v F (a)/2-l^v F (b)+l+v F (a)y 


We hence arrive at 

Orb(j/ 0l <t>) = C(l)(l - 9 _1 ) (l + l + g + (/ + -" + 

^ F (fe)+ t,F 2 (a) +i _ i 

= 2C(1)(1 - g -1 )-- - - 

g - 1 

= 2C(l)g _1 (g^ ( “ o)+1 — 1). 


Here we used that Vf(uo) = vf(o) + 2uf( 6) and vf(uq) = 2v(uft). 

The case Ao = 0 is similar to the case |Ao| < |wo | 2 above, and we omit the details. This 
completes the proof. □ 


14.4. Germ expansion of SOrbi (a(x),(/>') around Xq ^ 0. The following theorem together 
with the values in Lemma f 14.71 and Lemma fl4.8l give the germ expansion around nonzero elements 
Xo G b re d \ b re d.rs. We use the classihcation of such elements in UT^ll. 

Theorem 14.9. Let Xq = (Ao,ito,u>o) £ b re d N b re d,rs be a nonzero element. Assume that, if 
uq = w o = 0 then — Ao ft Fft’ 2 , and set F' = Fq[X]/(X 2 + Ao). Let x = (A, u , w) € b re d,rs,i be in 
a small neighborhood of x o- 

(a) In case (0*) (i.e., u o = reo = 0 and F' gk F), 

90rbi (<t(x), <t>') = rj(—X) Orb(j/_, </)') log | A(x)| + Ci; 

(b) In case (Ozz) (i.e., uq = wo = 0 and F' ~ F), 

dOrbi (<r(x), (f>') = r?(-l) Orb(y—, </>') log | A(x)| + C 2 ; 

(c) In case (1) (i.e., u o ^ 0), 

SOrbi (<r(x), (ft) = Orb (y-,(ft) log \A(x)/u(x) 2 \ + C 3 ; 

where C\,Ci,C 3 are constants (depending on xo only, independent of the choice of (ft). Here 
<j(x) is the section defined by (117.31) in cases (Oi) and (1), and by (118.61) in case (0 ii). 

Proof. We simply denote A for A(x). Note that rj(— A) = — 1 for x £ b re d,rs,i (cf. Proposition 
110.21) . We apply Theorem 118.21 and use the notation in its statement. Case (Oi) follows from the 

fact |A| is a constant when x is near xq. In case (0**), by Lemma ft 4. 71 we have Orb(y_ (ft) = 

Orb (y + -,(ft) = 0. This case then follows easily by r](zizft) = 77 (A) and since \z\Zil A\ is a 
constant when x is near xq. Case (1) follows from the fact that |u(x)| is a constant when x is 
near Xq. □ 
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15. Comparison 


15.1. Statement of the theorem. We denote by ip the function on b re d,rs, 


tp(x) 


2ui(y) <90rb {y, ft) + f-Int(x) • log q , 

0, 


yGSred, ^s{y) 
X G b re d,rs,0- 


X G bred,rs,l? 


(15.1) 


We define (pi to be the analogous function where we replace <90rb by (?0rbi, and we define ip2 
to be the function 


V2{x) 


2w(y) <90rb 2 (y, ft), y G s re d, tt fty) = iG b re d, rs ,i; 

0? X G b re d,rs,0- 


Hence 


ip = ifi+p>2- (15.2) 

To prove Theorem 112.II it suffices to show that both ip\ and <p 2 are orbital integral functions. 
We now show that is an orbital integral function. By Corollary 116.31 it suffices to show the 
following result. 


Theorem 15.1. For every Xq G b re d ; there exists an open neighborhood V Xo of xq such that 
^llv^Qnbred.rs.i * s a constant function. 

The only non-trivial case is when Xq lies in the closure of b re d,rs,i, but not in b re d,rs,i itself. 
So, let us assume this. The proof of Theorem 1 15.1 1 will occupy the rest of this section. We first 
treat the case Xq = 0 and then move on to the case where Xq ft 0, in the order appearing in the 
table in M13I 

Before proceeding, we recall from m that 

Ufl(u) = 2m, vd(uj) = 2m + £+, ud(A) = 4m + 2f_, 

and 

v(X) = min{f + ,f_}. 

The last identity follows because in the expression A = Na^ +Na'_, when the valuations of both 
summands are identical, there can be no cancellation. 


15.2. The case xq = 0. Theorem 114.31 calculates iv(y) 90rbi(j/, ft) for y = <j(x) the explicit 
section introduced in (117.31) below. Recall that in Theorem 114.31 the valuation is taken to be 
the normalized valuation for Fq and therefore vd{ •) = 2v( ■). 

We compare the formulas in Theorem 114.31 and the formulas for Int(a;) in f[9] We see that 
the case distinctions in both formulas are identical; we furthermore see case-by-case that, when 
x G b rc d,rs,i is close to 0, 

t \ (t — 3) 

^(s) = - lQ gg 

is constant. Here t = <? _1 for the rest of this section. Hence Theorem 115.11 follows in this case. 


15.3. The case Xq ft 0. The theorem holds trivially if xq is not integral, so we assume from 
now on that Xq is integral. We first consider the case xq = (Ao, 0, 0), Ao ft 0, and derive from (J5] 
a convenient expression for the quantity ^-Int(a;) in a small neighborhood of Xq. 


Lemma 15.2. Let Xo 

£-lnt(x) 


(Ao,0, 0), Ao ft 0. For x G b re d,rs,i in a small neighborhood of x o, 

U/A) ^;^ ~ 2t +Ci(t;(A 0 )), 2 | «(Ao), 

I 2 t (' t _ ( 1 '( Ao )+ 1 )/ 2 — ll 

^(A/A)— - — - > -+C 2 {v( Aq)), 2 { v(Xq), 


where Ci(n) and C 2 (n) are explicit polynomials in n. 


Proof. For x G b re d,rs,i near xq, we may assume that |A| = |Ao| is fixed, while vd{u) = 2 m and 
v D {w) = 2m + f+ are very large. Hence we may assume that m is larger than at least one of £+ 
or f_. To make the comparison, we will rewrite fTnt(a;) from Case I (2), (3) and Case II (2) 
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• If v(A 0 ) is even (and so is v(X )), then the minimum among £+,£- must be £- since £+ is odd. 
Hence we may assume £_ = £_o = u(Ao), and we are in case Case I (3). Hence the intersection 
number is given by 


£-Int(x) = 2t~ i ~ /2 (w ~ £ ~ /2 + ~f ] + t{t + 3) + 

(1 t) 


= 2m 


t~ e ~/ 2 {l + t) -2t 


+ 21 
= v(A/\) 


1 - 1 

-i _/2 (~l-/2 + 1)(1 — t 2 ) + t(t + 3) 
(1 ~t) 2 

t -«(A 0 )/2( 1 + t ) _ 2t 


1 - t 


C 1 (v(X 0 )), 


— 2(£- -|- 2m -\-1 )t —St 

i~t + (i-f ) 2 


2 (£_ + l)f -8 1 

1 -t + (1 - t) 2 


where C\{n) is an explicit function of n defined by the last equality. 

• If u(Ao) is odd (and so is u(A)), we are in Case I (2) or Case II (2), depending on whether 
i _ < £ + or not (equivalently, depending on whether |A| > |tu | 2 or not). In other words, this 
gives a partition of the intersection of a neighborhood of xq with the regular semi-simple set as 
a disjoint union of two sets. 

In Case I (2) {£_ <£+,£-< 2m and t- odd), we have 


vd{ X)=2£_, ud(A/A)=4 to, 


and we may assume that l- = £-o = v(Xq). Then we have 


£-Int(ir) 


—£-+ 3) — (2m —£-— l)t —2(2m + £- + l)t —8 1 

' (T -+ T~i + (T^ 

A ( £ - +1 )/ 2 — 1) i rii _^__ 1 )/ 2 (—£- + 3) + (£_ + l)t 2(£- + l)t | —8 1 

171 i -t + (i-t ) 2 i -t + (i ~ty 


= v{A/X) 


2 f^-KAol+i)/ 2 _ !) 
1 - t 


C 2 (v(X 0 )), 


where 62 ( 71 ) is an explicit function of n defined by the last equality. 
In Case II (2) {£- >£+,£+< 2m), we have 


v d (X) = 2£+, v d (A/X) = Am + 2£_ — 2£ + . 


Hence 


n T _ r,_ L -(£ J _-i)/2 (^- ~ 2 ^+ + 2m + 3)(1 — t) + 4t ( —2(^_ + 2m + 1 )t 
t-lnt [x)-Zt (i_t )2 + 1 -t 


= 2(2m + £- - £+) 


t(t-(^+ + l)/2 - 1) 


1 -t 


“h 2£ 


= 2(2ra + £_ -£+) 


—1)/2 (~l+ + 3)(1 — t) + it _ 2 (l + + l)f —8t 


(l-t) 2 

t(f-(^+ + l)/2 - 1) 
1 -f 


1 - t 


“h 2£ 


(i-t) 2 


i -t 


= v(A/X)—~ -—- L -> + C 2 (f(A 0 )), 


(i -ty 


-(U-D/2 (~l+ + 3) + {£+ + 1 )t _ 2{£ + + l)f —8t 


(i 


-81 


where 62 ( 71 ) is the same function of n as in the last case (this is crucial). 


□ 


We return to the proof of Theorem 115.11 for Xq = (Ao,0, 0), Ao ^ 0. Note that — Ao ^ F 0 X ’ 2 
since Xo is in the image of Ui ire d, cf. Lemma ll 1.31 Hence we can apply Theorem 114.91 We have 
the two subcases (a) and (b) of that theorem. 
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(a) Case (0*): F' qk F. By Theorem 114.91 and Lemma [14.71 we have the values of the orbital 
integrals (90rbi(cr(x), <//). By comparison with Lemma 115.21 we find that 

= (Cl + Ci(u(A 0 ))j • log q, X£ b r ed,r S ,l, 

is a constant, where C\ is the constant in Theorem 114.91 and Ci{n ) is the polynomial of n for i 
with the same parity as v(Xq). 

(b) Case (0 ii): F' ~ F (so that u(Ao) is odd by F' = F Q [\/— Ao] — F 0 [^/w\). Similarly we find 
by Theorem 114.91 and Lemma 114.71 and by comparing with Lemma 115.21 that 

<Pl(x) = (C 2 + Cl (v( A 0 ))) ■ log q, X € b re d,r S ,l, 

is a constant, where C 2 is the constant in Theorem 114.91 and Ci(ri) is the polynomial of n in 
Lemma 115.21 

Hence Theorem 115.II is proved for Xq = (Ao, 0, 0). 

We now consider the case Xq = (Xq,uo,wo), uq ^ 0. Again, we first derive a convenient 
expression for the quantity Clnt(x) in a small neighborhood of Xq- 

Lemma 15.3. Let xo = (Xo,uo,wo), where uq ^ 0. Then for x £ b re d,rs,i in o. small neighbor¬ 
hood of xo, 

f(f~v(u 0 )-l _ I'! 

2v(A/u 2 ) - L+C^viuo)), |A| < M 2 , 

r, t(t~^ v ^ °) +1 )/ 2 — il 

2v{A/u 2 )- - _ ^ -- + C 2 (v(X 0 ),v(u 0 )), |A| > \u\ 2 , 

where C\,C 2 are explicit polynomials. 


Clnt(x) = 


Proof. First we assume that Ao ^ 0. Then for x near xq, we have |A| = |Ao|, |u| = |mo|, |w| = |u>o|, 
and i- is very large. 

• In Case II (1)( i_ > £ + , £ + > 2m, i.e., |A| < |zi| 2 ) we have 
£-Int(d = 2t -- ^ + + <<: - 2 y - D(1 - ‘) + ~ 2 ^- + + D‘ + “ 8t 


(1 - o= 


1 - 1 


( l -*) 2 


= 21- 


tit 


- 1 ) 


(1 ~t) 


+ 2 It 


t _ m 2(l + t) + (—2m — 1)(1 — t) -(2m + l)t -At 


(i-ty 


i - 1 


a -ty 


= 21- 1 (1 _ f) ) +C 1 (m 0 ). 


In Case II (2) (£_ > i + , £ + < 2m, i.e., |A| > |u| 2 ) we have 

B __ rn.-U+-i)/2 (^- — 2 ^+ + 2m + 3)(1 — t) , -2(£_+2m+l)t | —8t 

t-int [x)-Zt (i_ t )2 + 1 -t (l~t) 2 


= 2t _ f f-(^+o-l)/2 


(1 - f) 1 -t 


C 2 {£+ o, rno ) 


t u-{i +0 +i)/2 _ p 

= 2 ^-- ^ ^ -b C 2 (£ + o, mo). 

Now we assume that Ao = 0. Then, since 0 xo ^ b re d,rs; it follows that Xq has the form 
xo = (0,rio,0), uq ^ 0. Then for x near xo we have |u| = |uo| and £+,£- are very large. Then 
the asymptotic behavior of Clnt(x) follows from Case I (1) and Case II (1) in 11 9 . 2 1 


tft-mo-l _ 1 \ 

£-Int(x) = 2 £_- _ - - + Ci (m 0 ). 


□ 


Now we can finish the proof of Theorem llS.ll for xq = (Ao, rto, wq) with uq ^ 0. We are in case 
(c) of Theorem 114.91 Noting that v(A/u 2 ) = £_, by comparing Lemma IT 5. 31 with Theorem 114.91 
and Lemma fld.SI we find that tp i(x) is a constant (explicitly depending on xo) when x £ b re d,rs,i 
is near xq. 
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15.4. Completion of the proofs of Theorem 115.11 and Theorem 112.11 In view of the 
table in d!31 (and the explanation), we have considered all Xq £ b re d \ b re d,rs in the closure of 
&red,rs,i- This completes the proof of Theorem 115.11 This implies that the function in (115.211 
is an orbital integral function. By Theorem 116.51 pi is an orbital integral function. It follows 
that the function p defined by (115.111 is an orbital integral function. This completes the proof 
of Theorem 1 12. II 


Part 4. Germ expansion 

In this part of the paper, we assume that n = 3 and that F/Fq is any quadratic extension of 
non-archimedean local fields of characteristic not equal to 2 (not necessarily ramified nor of odd 
residue characteristic). We write F = Fq [7r] for n = \fw, vo £ F 0 X . 


16. Statement of the germ expansion 


Recall from fill. II we have 

Tired ■ S re d I b r ed — A X A X Si 

v 1 -» (Hy),u(y),w(y)) 


where we write y in the block form 



b 

0 ’ 


and 


A (y) = det A, u(y) = vj 1 cb, and 


w(y) = vj 1 cAlb. 


We also have 

A(y) = A (y)u(y) 2 + w(y) 2 . 

Let y be any element in s re d (not necessarily semi-simple nor regular). We say that y is 
relevant if its stabilizer H' y is contained in SL 2 . For a relevant element y, the determinant det 
is well-defined on H' y \H'. and so is |det| s for s € C. Let <j>' £ C£°(s re d), and let y £ s re d be 
relevant. We consider the integral 


Orb(y, (j)', s) = t(H' ) [ (j)'(h 1 yh)ri(det h)\det h\ s dh, 

Jh 'v\H' 


(16.1) 


where t(H' ) = vol {H' ) if H' is compact and t{H' ) = 1 otherwise. In all cases except the one 
in Lemma ri8.ll the integral (116.11) is absolutely convergent when Re(s) 0 and extends to a 
meromorphic function of s £ C. Even in the exceptional case, Lemma 1 18.1 1 defines Orb(y, (f >', s) 
as a meromorphic function. When the integral has no pole at s = 0, we use the notation 


Orb(y, <t>) := Orb(y, ft, 0). 

For x$ £ b re d, the elements of s re d in T“ 1 (a:o) will be called XQ-nilpotent. When xo = 0, we 
use the term nilpotent instead of 0-nilpotent. 


Theorem 16.1. Let (j)' £ C^Sred) and Xq £ b re d- There exist an open neighborhood V Xo of xq, 
a section a: b re d,rs — t s re d defined on V Xo D b re d,rs, and (explicit) continuous functions F n (x,s) 
on I4, 0 D b re d,rs such that , as meromorphic functions in the complex variable s £ C, 

Orb(er(ir), </>', s) = ^ F n (x, s) Orb(n, <f>, s), 

n&n~ 1 (xo)/H' 

where the sum runs over an explicit set of representatives of relevant FT-orbits of xo-nilpotent 
elements, and where the sum should be replaced by an integral with respect to a suitable measure 
when there is a continuous family of orbits n(p), y £ Fq (which only occurs when Xq = 0). 

Proof. When Xq £ b re d,rs, by (117.41) below it is easy to see that we have 

Orb(cr(a;), cj> , s) = Orb(er(:ro), 4> , s), 


when x is near xq, which proves Theorem 116.11 in this case. When xo £ b re d \ b re d,rs, Theorem 
116.11 will follow from the explicit germ expansion given by Theorem 117.11 for the case *0 = 0, 
and by Theorem 118.21 for Xq ^ 0. □ 
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We also need a converse to the theorem above, specialized to s = 0, proved in > 1201 Let Ci(Fq) 
be the space defined in >119.31 

Theorem 16.2. Let p £ C r {?(b r ed,rs)- Then p is an orbital integral function if and only if, for 
every xo £ b rec j, there exists an open neighborhood V Xo of x o, such that 

p{x) = tu(a(x)') E T n (x,0)p Xo (n) for all x £ V Xo D b re d,r S , (16-2) 

where p Xo (n) £ C; when xo = 0, the sum is to be interpreted as an integral for the one¬ 
dimensional family of nilpotent orbits n{p),p £ Fg, and the function p H > p Xo (n(p)) is required 
to define an element inCi(Fg); when Xg = (Ao,0,0) with fo[V — Ao] — F, this is understood as a 
function of the form (fg log |A(x)| + (j>\ for constants (j >o and f>\ (cf. MS. 15]) ). 

Corollary 16.3. Let p £ C£?(b re d,rs) be such that the restriction of p to V Xo fl b re d,rs,o is zero. 
Assume that, for every Xg £ b re d? there exists an open neighborhood V XQ of x g, such that the 
restriction of p to V XQ l~l b re d,rs,i is constant. Then p is an orbital integral function. 

Proof. It suffices to verify that such p is of the form (116.21) in Theorem 116.21 for every xg £ b re d- 
We first consider xo = 0. In this case the nilpotent orbits in (116.21) are as in Theorem 117.11 
By Theorem [WJ] the function r no __ (x, 0)|y xo nb re d,r B .o = ~ T no,- (x, 0)|y xo nb re d,r S .i is a (nonzero) 
constant and r no + (x, 0)|y x nb re d rB i s a (nonzero) constant. Therefore, by suitably choosing 
<Px 0 ( n o,-) and p Xo (n 0i+ ), we see that p is of the form 

r no , + {x, o)p Xo ( n o,+) + ^no,- (x,0)p Xo (no ,-)■ 

Setting p XQ (n ) to be zero for n in the one-dimensional family of nilpotents, we see that p is of 
the form (116.21) for xg = 0 £ b ro d- 

For xg ^ 0, the proof is similar using Theorem 118.21 □ 


We will be interested in the first derivative of the orbital integral <90rb(cr(x), </>') at s = 0 in 
a neighborhood of xg. We have a decomposition according to the Leibniz rule 

<90rb(cr(x), </>') = dOrbi (cr(x), (ft) + <90rb 2 (er(x), (ft), (16.3) 

where we define the two terms as 


SOrbi (cr(x), </>') := ^ (■jj- _T n {x, s)) Orb(n, (ft, 0) 

n£7 w( a: °)/ J3 '' 


and 


aOrb 2 (cr(x), (f)’) := ^ T n (x,0)(-^ Orb(n, <ft, s)V 

nen ^d( x o) / H ' 


Remark 16.4. We point out that the first term (90rbi(cr(x), (ft) depends only on the quanti¬ 
ties Orb(n, (ft) = Orb(n, (ft, 0) (and the intrinsically defined functions r n (x, s)). In particular, 
the values of Orb(cr(x), (ft), for regular semi-simple x already determine <90rbi(cr (a;), (ft). This 
observation does not hold for (90rb 2 ((j(x), (ft). 

The explicit germ expansion also shows the following result, proved in > 1201 below. 


Theorem 16.5. Fix i £ {0,1}. Let (ft £ C£°(s re d) be a smooth transfer of (</>, 0) where <f £ 
C®(Uj i red)- Then the function 


p{x) 


cv(cr(x)) dOrh 2 (cr(x), (/>'), x £ b re d,rs,i-i; 
0, X £ b re d,rs,i 


is an orbital integral function. 


17. Germ expansion around xg = 0 

In this section, we give the explicit germ expansion around xg £ b re d when xg = 0. 
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17.1. Statement of the theorem. The nilpotent orbits in s re d are classified in [351 §2-1]. We 
list here only the relevant orbits. 

• a continuous family with representatives 


n(p) := 7r 


'0 p 1' 
0 0 0 
0 1 0 


, p G Fq 


(17.1) 


with stabilizer TV, the upper-triangular unipotent matrices, and 
• two regular (i.e., with trivial stabilizer) nilpotents with representatives 


n 0 , + = 7T 


0 1 0 
0 0 1 
0 0 0 


no,- — 7io,+ - 


(17.2) 


The nilpotent orbital integrals for the continuous family n{p) and for the regular nilpotent orbits 
no,± are defined by (ll(i.ll) and are both holomorphic at s = 0, cf. 051 Lem. 2.1]. Note that we 
choose a Haar measure on N(Fq) by transporting the one on Fq. 

We define a section 


C• bred ^ S re d 


by 


cr(x) = 7r 


0 —A/7T 2 1 

1 0 0 
u w/tt 0 


, X = (A ,U,w) G bred- 


(17.3) 


Theorem 17.1. For xo = 0 and x = ( \,u,w ) G b re d,rs near Xo, there is a germ expansion of 
Orb(er(a:), (ft, s) as 


Jf 0 

where 


T n ^{x, s) Orb (n(fx), (ft, s) dp + r]{A/w)\A/w\ s Orb (n 0 -,<ft, s ) + rj{-l) Orb (n 0 ,+ ,(ft, s), 


if ( u 2 p — 2w/tt) 2 — AA/vj F 0 X ’ 2 ; 
if [u 2 p — 2w/ir) 2 — AAjvo G Fft’ 2 . 


^( Al )0>s) = ^ r]{-v)(\v\ 8 + p(A/w)\A/w\ s o s ) 

| (u 2 p — 2w/i r) 2 — AA/w^" 

Here v denotes one of the two roots of 

9 A/vu „ , 

u p = v -|-1- 2w/n 

v 

( r n (/i)(x, s) is independent of the choice ofv). 

Corollary 17.2. If x G b re d,rs,i> then 

rn(A0(z,0) = 0. 

Proof. When x G b re d,rs.i we have rj(A/w) = —1, cf. Proposition 110.21 The result follows from 
the formula above. □ 

The proof of this theorem will occupy the rest of this section. We will rely on [3S §3]. At 
this point we warn the reader that we will use slightly different notation from [36] . Let sl re d be 
the subspace 7r -1 s re d of ^[3 = M 3j ir 0 . We fix an isomorphism as representations of H' = GL 2 , 


-^red 1 

X h- 


-S^red 


-A 7r x x. 
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17.2. Proof of Theorem 117.11 The proof of Theorem ll7.1l is essentially the same as that of 
Theorem 2.7 in [321 except for some notational changes. We often write h-x = h~ 1 xh, for h £ H' 
and x £ Sped- To be consistent with m, for x £ b rs we rewrite (116.11) as 

Orb(x, (/>', s) = ( (f>'(hxh~ 1 )r](deth)\deth\~ s dh. 

Jh'/h' x 


We use the Iwasawa decomposition H’(F 0 ) = KAN for K = SL 2 (Ojr 0 ), 


'b 


1 t 

a~ 1 b 


1 


We may write Orb(er(x), if)', s) as (cf. [321 (3-1) 0) 


dg = dk 


da db dt 



(- 

t 

1/a 

a(— \/vj — t 2 ) b 
-t 0 

) 

V 

b~ x u 

(w / f — ut^ab 1 0 

J 


d(a)\a 1 b 2 1 


da db dt 


(17.4) 


Here we used the K -invariant function 

4>'k( x ) := [ 4>'{kxk~ 1 )dk. 

J K 

Without loss of generality, we may assume that </>', and hence <f>' K , is invariant under translation 
by s re d(0 Fo ) := 7rg( 3 (0 Fo ) D s. 

Now all the equations from (3.1) to (3.20) in [36] hold for the orbital integral Orb(cr(a:), <f>', s) 
(instead of simply its value at s = 0). By this we mean to interpret them as the integral against 
r]{a)\a~ 1 b 2 \ s da ^ dt . Indeed, all of these equations are derived from partitioning the domain of 
integration into various pieces, and the fact that the function c/k is invariant under translation 
by Sred(Of 0 ) with compact support. It is never used in [321 §3] that s = 0. 


Lemma 17.3. The term (3.4) in [32] is equal to 


If 0 


r n ( M ) ( x , s) Orb(n(/r), <(>', s) d/i. 


Proof. After a suitable substitution, we may write [321 (3.4)] as 


d(-l)M 1 / <t>' K | 7T 
This is equal to 


-ab b 
0 
0 


r/(abt)\a 1 bt\ s 


da db dt 

— i*n■ 


d(-4)M 1 J Oib(n + + U 


dt 

W\' 


We rewrite this as 

77(-l)|it|~ 1 j Orb^n(u^ 2 (t + t _1 A/ro + 2w/n)), (ft, s^77(f)|t| -s j^-. (17.5) 

This is the form of the germ expansion we will use to do calculations later on. The rest is the 
same as the proof of [32] Lem. 3.1]. □ 


Lemmas 3.2 and 3.3 of [32] remain unchanged. We recall them and indicate the necessary 
changes in the proof. 

Lemma 17.4. The sum of (3.3) and (3.5) in [32] is zero. The sum of (3.6) and (3.15) in [321 
is zero. 


^We note the following notational changes: 1) a sign difference in A; 2) a, b in m become u,w/n ; and 3) the 
measure dx dy du becomes da db dt. 
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Proof. The proof in [3B] can actually be simplified. In both sums, it suffices to show that 




dy = 0, 


(17.6) 


where we understand both integrals as meromorphic functions of s 6 C obtained by analytic 
continuation as follows. The first integral converges when Re(s) > 0, 



and the second one converges when Rc(s) < 0, 


'|y|>i 


\y\ dy = 


1 


f 

4 / 1=1 \V\‘ 


These equalities give the claimed analytic continuation. The sum of the two terms is then 
obviously zero. □ 


Lemma 17.5. The sum of the following terms in is zero: (3.2), (3.8), (3.10), (3.16), 
(3.17), (3.20). 

Proof. The same proof as that of Lem. 3.3 in m still works, noting that the only ingredient is 
the identity (117.611 above (for instance, in loc. cit. one only uses (117.61) . when splitting the term 
(II) into (3.12) plus the term following it). □ 


Lemma 17.6. The sum of (3.12) and (3.19) in 02] *-s zero. 

Proof. We work with the corresponding function <p' on s( re d. The integral (3.12) is equal to 


H' 


( 

'0 

0 

O' 

\ 

[h 

1 

0 

0 

h- 1 ) 

V 

u 

w 

0 



rj(det /i)|det h\ s dh 

ff I h 


H' 


0 0 0 

10 0 
0 w 0 


h 1 y(deth)\deth\ s dh. 


After a substitution, the integral (3.19) is equal to 

h 


H' 


0 —( w/u ) 2 0 

0 0 0 

u 0 0 


h 1 | rj(det /i)|det h\ s dh 


H' 


0 0 O' 

(w/u) 2 0 0 h -1 \ r](deth)\deth\~ s dh 


</>' h 


H' 


0 u 0 

0 0 O' 

10 0 
0 w 0 


h 1 J r/(det li)|det h\ s dh, 


where the first and the last equality follow, respectively, from the substitutions 


0 -1 

1 0 


and h i 


w/u 0 
0 u/w 


□ 
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To complete the proof, it suffices to treat the remaining terms: (3.7) and (3.9) in [SB] . The 
term (3.7) in [3B] yields, after a suitable substitution, 


4>'k 71 


t —at 2 b 
1/a —t 0 
0 0 0 


77 (a) | a 1 b 2 


da db dt 

—w~ 


H’ 


( 

0 

0 

1 

\ 

\ h ■ it 

1 

0 

0 

h- 1 } 

V 

' O 

0 

0 

) 


h 7y(det /i)|det h\ s dh 


= vi- 1 ) Orb(no,+, (j> , s). 

The term (3.9) in J3B] yields, after suitable substitutions, 


<t>K 17 


0 (—X/w—(w/uTr) 2 )a 0 

0 0 0 

b~ l u (w/n — at)ab~ l 0 


H’ 


77 (a)|a l b 


-R2I-S 


( 

0 

—X/w — ( w/uw ) 2 

o' 

\ 

\ h ■ TV 

0 

0 

0 

h- 1 

V 

u 

0 

0 

I 


da db dt 


h 1 I 77(det h)|det h\ s dh 


= r](A/w)\A/w\ 3 Orb(n 0 s). 
This completes the proof of Theorem 117.11 


18. Germ expansion around x 0 7^ 0 

In this section we consider the germ expansion near a non-zero element xq 6 b re d \ b re d,rs- 


18.1. Orbits in s re d \ s re d,rs- 
bred A b re d,rs- Let 


We need to classify the orbits in the fiber of xq 


V 0 


A 

c 


b 

0 


6 Sred 


(A 0 ,m 0 , wo) e 


be a semi-simple element in the fiber of xq. It follows that the dimension r of the subspace 
spanned by b, Ab is then either zero or one. 


Case r = 0. Then b = 0 and xq = (Ao,0,0) where Ao ^ 0. We introduce the semi-simple 
quadratic Fo-algebra, 

F' = F 0 [X]/(X 2 + X 0 ). 

In the fiber of xq = (Ao,0,0), there is one semi-simple orbit, and there are two or four 
non-semi-simple orbits, depending on whether F' is isomorphic to F or not. 

Subcase Oi: F' F. In the fiber of such Xq, there is one semi-simple orbit with representative 


2/0 =77 


0 

1 

0 


—Xq/w 0 
0 0 

0 0 


There are two non-semi-simple orbits with representatives 



'0 

—Xq/w 

1' 


'0 

—Xq/w 

o' 

II 

+ 

1 

0 

0 

, y-=n 

1 

0 

0 


0 

0 

0 


1 

0 

0 


with trivial stabilizer. 

Subcase Oii: F' ~ F. In this case there is one semi-simple orbit with representative 


(18.1) 


(18.2) 


2/0 = 7T 


a 

0 

0 


0 0 

—a 0 

0 0 


—Aq /w, 
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and there are four non-semi-simple with representatives 



a 

0 

1 


a 

0 

1 

y++ = 7r 

0 

—a 

1 

+ 

II 

3 

0 

—a 

0 


0 

0 

0 


0 

1 

0 


y— =t y++, y-+ =t y+-, 


(18.3) 


(18.4) 


with trivial stabilizer. 


Case r = 1. Then b ^ 0 and Ah is a multiple of b, i.e., b is an eigenvector of A, and 
xq = (Ao,tio,wo) with uo ft 0. We may choose a semi-simple representative as 


y o = tt 


a 

0 

u 0 


0 1 

—a 0 

0 0 


a € Tq, rto ^ 0, a 2 = —Aq/vj. 


The stabilizer of yo is GLi sitting inside GL 2 in the upper left corner. However, the character 
77 o det is nontrivial on the stabilizer and hence it is not a relevant orbit. The non-semi-simple 
representatives are 



a 

0 

1 


a 

1 

f 

+ 

II 

1 

—a 

0 

, y- =n 

0 

—a 

0 


_u 0 

0 

0 


_uo 

0 

0 


and they have trivial stabilizer. 


(18.5) 


18.2. Orbital integrals. We first define the orbital integrals of the Xo-nilpotent elements. All 
of them are defined by (116.11) with one exceptional case: 


Lemma 18.1. Let Xq = (Ao, 0, 0) with Aq ft 0. Assume that F' ~ F, i.e., Case Oil. Let y = y±± 
be a non-semi-simple element on s re d mapping to xq. Then for (ft G C£°(.s re d); the integral 


Orb(y, (f, s 1 ,s 2 ) = 


4 


1 a,beFft ,t£F 0 


y ) 77 ( 06 )|a| Sl | 6| S2 d x ad x bdt 


is absolutely convergent when Re(si) 0, Re(s 2 ) O' 0 for y = y++; when Re(si) 0, Re(s 2 ) 

0 for y = 7 /-j_ ; etc. It has a meromorphic continuation to (si,S 2 ) G C 2 ; its restriction to the 

diagonal Si = S 2 is meromorphic and is holomorphic at (si,S 2 ) = (0,0). 


Proof. The proof is analogous to that of [3B) Lem. 2.1] by the method of Tate’s thesis. We omit 
the details. □ 


In this case we define the orbital integral Orb (y, (ft , s ) to be the value at si = S 2 = s. By 
Lemma ll 8 .ll this is a meromorphic function of s. 

Theorem 18.2. Fix Xq = (Ao,uq,wo) G bred \ b re d,rs with xq ft 0. For x € b rc d,rs in a small 
neighborhood of x 0 , the orbital integral Orb(cr(a;), (ft, s) is equal 

(a) in case (0i) to 

Orb {y+,<ft, s ) + ??(A _ 1 A)|A _ 1 A|~ S Orb(y_, 0', s), 
where a(x) is the section defined in (117.31) : 

(b) in case (0 ii) to 


Orb (y++,(ft, s) + ?7(^i)l^i| s Orb( 7 /_ + , (ft, s ) 

+ T 7 (z 2 )M- s Orb( 7 /d—, (ft, s ) + y{z 1 z 2 )\z 1 z 2 \~ s Orb {y—,(ft, s), 


where the section <7 

fared,rs 

^ ^red,rs 

in a 

neighborhood 

of 

xq is defined by 






a 0 

1 




a 

(x) = 

= 7 r 

0 —a 

1 

■) 






Zl z 2 

0 


with entries defined 

by the 

identities 






A = — a 2 w, 

u = 

Z\ + Z2, 

w = 

a{zi - z 2 )n, 

A = A u 2 + w 2 = —\.o?vdz\z 2 


(18.6) 
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(c) in case (1) to 

Orb(y + , <f>', s) + g{A/w)\u~ 2 A/w\~ s Orb(y_, </>', s). 
where a(x) is the section defined in (117.31) . 

Moreover, all the orbital integrals above are holomorphic at s = 0 except in case (Oi) when 
F' = Fq x Fq, in which case Orb(y_|-, <f>', s ) and Orb(j/_, </>', s) both have a simple pole at s = 0. 


18.3. Proof of Theorem 118.21 Let xo = (AojWojWo) / 0€ b rc d- We distinguish three cases, 

labeled by (Oi), (Oil) and (1), according to the case distinction in subsection 118.11 Fix a real 

number R such that the support of f>' is contained in the set 

{v = 7T • (■ Vij ) £ Sred | \yij\ < R}- (18.7) 

Case (Oi) (i.e., r = 0, Ao ^ 0 and F' ^ F): Then xo = (Ao,0,0) with Ao ^ 0. We use (117.11) to 

express the integral Orb(cr(x), <j>', s ) for x = (A, u, v ) € b re d in a small neighborhood of (Ao, 0,0). 
We therefore assume that |A| = |Aq| ^ 0 and hence the integrands have the following constraints, 


\t\<R, \a\ < i?/|A 0 |. 

We split the integral over b as a sum of two pieces, according as |6| > 1 or |6| < 1. The 
contribution for |6| > 1 is equal, when ( u,w ) is small enough, to 


4>'k * 


|b|>l,a,t6F 0 

This can be written as 


t a{—\/w — t 2 ) b 
1 /a —t 0 

0 0 0 


77 (a)|a 1 b 


-1,2|- S 


da db dt 

~W~ ■ 


la,b£F,t£F 


|det h\ s dh — 


' |6|<1,aeE,teE 


|det h\ s dh , 


where both integrals converge absolutely when Re(s) > 0. The first term extends to a meromor- 
phic function 


Orb (y+,<j>',s)= I f> K [ tt 

a,b,t£Fo 

while the second term is 


t a{—\/w — t 2 ) b 
1 /a —t 0 

0 0 0 


4>'k tt 




t a(—\/vj — t 2 ) 0 

1/a —t 0 

0 0 0 


77 (a) | a 1 b 2 


77 (a) |a 1 b 2 


da db dt 


da db dt 

-lbT’ 


\b\ 


L< 


<P'k 7T 


Ci , t £ Fq 


t a(—\/vj — t 2 ) 0 

1/a —t 0 

0 0 0 


77 (a)|a| s da dt 


(18.8) 


= C(—2 s)Q(s), 


where we denote by Q(s) the second integral in the next-to-last equation. From F' gk F it 
follows that —\q/w (hence —\/w) is not a square. The norms |t|, |a| and la ^ 1 are all bounded 
independent of s and hence Q(s) is an entire function. Again by FolV - Ao] 9 ^ F, the quadratic 
character 77 is nontrivial on the stabilizer of the semi-simple representative yo. It follows easily 
that Q( 0 ) = 0 , and hence the second term (118.81) is holomorphic at s = 0 and hence so is 
Orb(y+, </>' ,s). 

Now we consider the contribution from the piece |b| < 1, 


\b\<l,a,t£Fo 

This can be written as 


f. 

1 

0 0 

(N 

-to 

1 

-< 

5 

<3 

H 

) 

V 

b 1 u (w/w — ut)ab 1 0 

I 


77 (a)|det h\~ 


da db dt 


f •••|det/i| s dh— f ■■■|det/i| s dh 

Ja,b£F,t£F J\b\>l,a£F,teF 


|6|>1, agE.teF 
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where both integrals converge absolutely when Re(s) < 0. The second term is equal to 

da db dt 


4>'k K 


|6|>l,a,tg_F 0 


t a(—X/vo — t 2 ) 0 

1/a —t 0 

0 0 0 


r/(a)|a"V 




= q~ 2s f(2s)Q(s). 

Now note that £(— 2s) + q~ 2s f(2s) = 0. We see that this last term cancels (118.811 . The first term 
can be rewritten as 


Orb 


( 

0 —X/txj 0 
1 0 0 

"e- 

II 

"A 

h 1 ■ TV 

0 —X/m 0 
1 0 0 


V 

U w/ TV 0 

/ J H' 


u w/tv 0 

J 


h rj(det ft) | det h\ s dh. 


Since u and w cannot be simultaneously zero, we may make a change of variables ft > ftoft, 
where 


ho 


1 


det h i 


hi with hi := 


u —w/tv 
WTV /X U 


The integral becomes 


H 


( 

0 

—Xf vo 

o' 

\ 

[ h 1 • 7T 

1 

0 

0 

h] 

V 

1 

0 

0 

J 


h rj(h)\det h\ s dh 


= T](h 0 ) |det ft 0 | s Orb(y_, </>', s). 

Now note that det hi = A ~ 1 w 2 + u 2 = A _1 A, and det ho = det(fti) -1 . In summary we have 

Orb (y,<j>',s) = Orb(y + , <j>', s) + r?(A _1 A)|A _1 A| _s Orb(y_, </)', s), (18.9) 

which proves Theorem 118.21 in this case. 

Case (Oii) (i.e., r = 0 and F' = F): In this case we may assume that 

—A 0 /tx7 = ^ 0. 


We use the section a(x) defined by (118.61) . When x = (X,u,w) is in a small neighborhood of 
(Aq, 0,0), we may assume \a\ = |ao|. We use a variant of the Iwasawa decomposition 


h = k 


1 t 


a 

1 


b 


dg = dk 


da db dt 


Consider 


( l ), KN(y)= 4> (kn ■ x) dk dn, y 

J KN 


A b 

c 0 


A = 


a 0 
0 —a 


which may be viewed as a function of (b, c) on Mi^(Fo) x M 2 t i(Fo). For a ^ 0, we see that the 
integral is absolutely convergent. Then we have 


Orb (y,cj)',s)= / <p' KN I tt 


( 

a 

0 

a 

\ 

TV 

0 

—a 

b 


\ 

Zia~ l 

z 2 b ~ 1 

0 

) 


r](ab)\ab\~ 


da db 


Before we proceed, we consider a toy model: let F 0 X act on F 0 x F 0 by a ■ (x, y) = (a l x , ay) 
and let rj be a quadratic character (possibly trivial). 


Lemma 18.3. Let (j) € 6/°°(Fq x Fq), and define for x £ Fff, 


<h(:r, s) 


( j)(x/a , a)rj(a)\a\ s d x a , 
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which is absolutely convergent when Re(s) 0. For x in a small neighborhood of 0 (depending 
on 4>), 

<1>(x, s) = [ (f(0,a)r](a)\a\ s d x a + rj(x)\x\ s [ cp(l/a,0)g(a)\a\ s d x a. 

Jf 0 * Jf>< 

The identity is understood after an analytic continuation of each term on the right-hand side as 
a meromorphic function of s € C (without pole at s = 0, if g is non-trivial). 

Proof. The proof is again analogous to that of Lem. 2.1]. We omit the details. □ 

Using this lemma, we obtain that Orb(er(a;), <f>', s) is, in a neighborhood of xo , the value of 
the following sum when s\ — s 2 = s, 

Orb(?/++,</>', si, s 2 ) + 77(2i)|zi| s Orb(y_ + , </>', s 1 ,s 2 ) 

+ r,(z 2 )\z 2 \ s Orb(j/+_, <j>’, Si, s 2 ) + ^(^ 1 ^ 2 )|^i^ 2 | s Orb(y—,</>', si, s 2 ). 

Theorem 118.21 in case (0 ii) now follows easily from this equality. 

Case (1) (i.e., r = 1): In this case uq ^ 0. We now use the expression (117.41) . We first observe 
that the integrand is constrained by 

\t\<R, \u\/R<\b\<R, 

where R is as in (118.71) . We only consider the case Ao = 0 (hence wq = 0). Otherwise, the proof 
of the previous cases still applies. 

We break the integral over a up into two pieces: |a| is large or small. Choose a constant C. 
Note that we will consider A, w close to zero, and |u| = |uo| ^ 0. When |o| < C, so that |aA| < 1 
and \aw\R < 1, we have 


(18.10) 



t 

1/a 

—at 2 
—t 

b 

0 

) 

V 

b~ l u 

—utab^ 1 

0 



77 (a) |c 


da db dt 


(18.11) 


|a| <C,b,teF 0 

Now consider |a| > C. Substitute t —> t + w/u, and note that we may assume \w/u\ < 1: 


J K 


\a\>C,b,t£F 0 

The condition |— utab~ 1 \ < R implies that 

R 2 


(- 

t 

1/a 

a(—X/va — (t — w/nu) 2 ) 
-t 

b 

0 

) 

V 

b~ 1 u 

—utab -1 

0 



77 ( 0)1 a m 


-U2|- S 


da db dt 

H " 


it | < 


and I at 2 1 = 


(at) 2 


< 


R 4 


i| 2 C 


Furthermore, for C sufficiently large, we have |at 2 | < -p-r < 1 . Hence the last integral becomes 




h 

0 a(—\/m—(w/Fu) 2 ) b 

0 0 0 
b~ 1 u —utab -1 0 


77 (a) |o 


-1 7 . 21-8 


da db dt 

~W~ ■ 


(18.12) 


|a|>C,6,7eF 0 

A similar argument as in case (Of) shows that the sum of (118.111) and (118.121) can be written as 


Orb 


,<p',s 


Orb 


1 4 *, s 


001 
100 

u 0 0 

Note that A = Art 2 + w 2 . It follows that the second summand in (118.181) is equal to 


0 —X/w—(w/ttu ) 2 1 

0 0 0 
u 0 0 


(18.13) 


( 

'0 

1 

1 

\ 

n 

0 

0 

0 


V 

u 

0 

0 

) 


In summary we have proved that in the case r = 1, when x = ( X,u,w ) is close to (Xo,uo,wo), 
the integral Orb(cr(:r), (/>', s ) is equal to 

Orb(y+, 0', s) + g(A/m)\u~ 2 A/m\~ s Orb(j/_, 0', s). 


(18.14) 
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The equations (118.911 , (118.1011 , and (118. 1411 together complete the proof of Theorem 118.21 in this 
case. 


18.4. The exceptional case. Theorem 118.21 gives the germ expansion for Orb(cr(x), </>', s) at 
s = 0, except in case (0*) when F' ~ F 0 (BF 0 , in which case both Orb (y + , </>', s ) and Orb(y_, <j>', s) 
have a pole at s = 0 . 


Corollary 18.4. Fix x$ = (Ao, 0,0) £ b re d\ b re d,rs with Ao ^ 0. Assume that F’ ~ F 0 x F 0 . 

(a) The sum Orb (y+,<fi',s) + Orb is holomorphic at s = 0. Denote by Orb(y±,4>') its 
value at s = 0. 

(b) For x £ b r ed,rs in a small neighborhood of x o, the orbital integral Orb(cr(x), <//, 0) (for u(x) 
defined by {17.Sty) is equal to 


Orb (y±,</>') - Orb ( 2 /o, </>'), 


(18.15) 


and 


Orb(j/ 0 , </)') = 


r 

0 

—Ao/zu 

o' 

/ <i b'{h~ 1 y 0 h)r](h)dh , y 0 = 7r 

1 

0 

0 

/pgl 2 (p 0 ) 

0 

0 

0 


where the measure on PGI^To) is the quotient measure on GL 2 (Po) divided by that of Fq with 
vol (O* 0 ) = 1 . 


Proof. We first claim that the meromorphic functions Orb (y+,<f>',s), resp. Orb(y_, <f>', s), have 
a simple pole at s = 0 with residue 


T Orb(yo, <(>')— t -—. 

2 log q 

We now prove the corollary assuming the claim. The claim immediately implies part (a). To 
show (b), we note that the assumption F' os FqX Fq is equivalent to — Ao £ Fq' . In this case, for 
all x £ b rc d,rs near xo, we always have x £ b re d,rs,o (cf. Lemma Til.All , and hence r)(—A(x)) = 1 
(cf. Proposition 110.21) . Hence 7/(A(x)/A(x)) = rj(—A(x))/ri(—Xo) = 1. By Theorem 118.21 we 
have for regular semi-simple x near xo, 

Orb(<r(x), <j>', s) = (Orb(y+, </>', s) + Orb (y-,<j>',s)) + (|A _1 A| _S - 1) Orb(y_, </>', s), 


where both terms in the right-hand side are holomorphic at s = 0 by the claim. Hence 

Orb(cr(x), (/>', 0) = (Orb(y+, </', s) + Orb (ys)) | g=0 + (|A _ 1 A|“ S - 1) Orb(y_, </>', s)| s=Q . 

The first term is now Orb(y±, </>') by (a). The second term is given by — log |A ” 1 A| times the 
residue of Orb(y_, </>', s) at s = 0. By the claim we complete the proof of (b). 

We now prove the claim. We only treat Orb (y+,(f>',s), since the other case is similar. By 
(117.41) . Orb(y + , </', s ) is equal to 


U K 


t a(—\ q/w — t 2 ) b 
1 /a —t 0 

0 0 0 


a,b,t£Fo 

We may view this as an integral of the form 


77 (a)|a L b 


db 


— U 2|—8 


da db dt 

H " 


Orb (y + ,<(/,s)= / $ s {b)\b\ 2s 

JbeF 0 \b\ 


(18.16) 
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where $ s (&) extends to an entire function in s £ C. We may find the value 


$0(0) = / (j)' K ( 7T 

cl , t £ Fq 


t a{—\o/w — t 2 ) b 


1/a 

0 


= (i-w 1 )- 


—t 

0 


</>' h- 


rj(a) da dt 


hePGL 2 {F 0 ) 


0 —\q/w 0 


0 0 


0 0 


0 


h 7y(det h) dh 


= (1-9 *) 1 Orb(j/ 0 , <t>'), 


where the extra factor is due to the different choice of measures. 

By Tate’s thesis, the integral (118.1611 has a simple pole at s = 0 with residue given by $ 0 (0) 
times the residue of 

J\b i<i H 7^o l - q 

This last term has residue —(1 — q -1 )/2 logq. This shows that the function Orb(q+, </>', s ) has a 
simple pole at s = 0 with residue 

1 


-Orb {yo,(j>') 


2 log q 


This completes the proof of the claim. 


□ 


19. Germ expansion for u re d, and matching 


In this section we present the germ expansion for the orbital integrals on u re d for u = u(W), 
where W is either Wo or Wi, i.e., u = Uo or u = Ui. 

We consider the invariants (cf. 1 18.2l and 1111.211 

7T U ■ U re d ^ ^red = A X A X S] 


given by the formulas (111,11) (in the case of s re d, but the cases of Uo, re d and Ui jre d are the same, 
comp. (18.811 for Ui jre d and (111.dll for Uo, re d), 


A 

c 



(A ,u,w). 


19.1. Germ expansion around xq = 0. The germ expansion around Xo = 0 for u re d is stated 
in |36l Th. 2.8]. Since we will not use it directly, let us not repeat it here. We only recall the 
classification of the nilpotent orbits and their orbital integrals, which are used in our calculations 
in Part [5] 

The nilpotent orbits for Uo, re d are classified in ]3B} §2.1]. For our purposes we only need {0} 
and the continuous family 


n(jd) := 7r 


0 

0 

0 


/3ir 

0 


1 

0 

0 


€ Uo,red; 




(19.1) 


The stabilizer of n(/3) is the standard unipotent subgroup N sitting inside SL 2 = SU(Jq) 
(cf. ([M ). We define the corresponding nilpotent orbital integrals by 

Orb(n(/3), 0) = f 0(/i -1 n(/3)/i) dh, (19-2) 

Jh/n 

and 


Orb(0 ,<t) = e F /F 0 q 1 Ce 0 (1)^(0), 


(19.3) 


where e F / Fo is the ramification index of F/F 0 . It is easy to see that both expressions converge 
absolutely. It is important to note here that the measure on H = U(W b ) is chosen such that 
vol(if) = 1 for the special parahoric subgroup K (the hyperspecial one when F/Fq is unramified). 





















86 


M. RAPOPORT, B. SMITHLING, AND W. ZHANG 


We also define the orbital integral for any x £ Uo. re d with compact stabilizer or any x £ Ui jre d 


by 


Orb(:c, (j>) = / (f(h 1 xh)dh 1 
Jh 

whenever the integral is absolutely convergent (this will always be true in the cases of interest 
to us). 


19.2. Germ expansion around Xg ^ 0. Let Xg £ b re d \ b re d,rs- We first classify the LZ-orbits 
(semi-simple or not) in u re( j in the fiber 7r“ 1 (a;o). Unlike the case of s re d, two issues will affect 
the semi-simple orbits on u: stability, and whether H = U(W b ) is quasi-split or non-split. 

Similar to the case s re d, we distinguish two cases according to the rank r of the space spanned 
by b, Ab. 


• r = 0. Then Xg is of the form Xq 
mapping to xq must be of the form 


(Aq, 0, 0) with Aq £ F 0 X . A semi-simple element in u re( j 


Vo 


A O' 

0 0 


We need the following lemma concerning the stability issue. 


Lemma 19.1. Let Ao £ Fo \ {0}. Then the set 

X\ 0 := { x £ su{W b ) | deta; = Ao } 

forms one orbit under U{W'°){Fq), unless F’ = Fq[X\/(X 2 + Ao) is isomorphic to F, in which 
case Aa 0 decomposes into two such orbits. 

Proof. Obviously, AA 0 is one geometric orbit (i.e., after passing to the algebraic closure F o, all 
elements of X\ 0 are conjugate). Let Xq £ X\ 0 , and let T = T Xo be the stabilizer subgroup of 
xg. Then T is a maximal torus in U{W b ). By general principles, the number of orbits under 
U(W b )(Fo) in a geometric orbit is in one-to-one correspondence with 

ker [H 1 ( F 0 ,T ) —► H 1 (F 0 , U{W b ))] . (19.4) 

Let F 1 be the algebraic subtorus of F x := ResjyF 0 (G m ) defined by Nm F / Fo = 1. Then F 1 is 
the maximal torus quotient of U(W b ), and (119.41) is identified with 

ker[iL 1 (Fo, T) —)■ U 1 (Fo, F 1 )]. (19.5) 

Now, for T there are the following possibilities, up to isomorphism. 

(1) T = F x , mapping via a i-A a/a to F 1 . 

(2) T = F 1 x F 1 , mapping via multiplication to F 1 . 

(3) T = K~, mapping via Nm^/j? to F 1 . Here K = F'.F is a bi-quadratic extension of Fo, and 
K} is the algebraic subtorus of K_ x := Res^/p 0 (G m ), defined by Nm^ = 1. 

Furthermore, case (1) corresponds to the case when F' ~ Fo © Fo, case (2) to the case when 
F' ~ F, and case (3) to the remaining possibilities. 

Let T’ = ker(F —> F 1 ). In case (1), T' = G m and (119.51) is trivial. In case (2), T' = F 1 , 
and (119.51) is identified with F 1 (F 0 ,F 1 ) = f 0 x /Nmj?^ 0 (F x ) = Z/2; in case (3), the map 
F 1 (Fo,T) —> F 1 (F 0 ,F 1 ) is identified with 

F ,x /Nm K/F ,(F x )- ^4 F */ NmF/Fo ( F x 

which is injective, and hence (119.51) is trivial. The lemma is proved. □ 

Subcase Oi. When F' is not isomorphic to F, then by Lemma 119.11 there is a unique semi¬ 
simple orbit with invariants xq = (Ao,0,0),Ao £ F 0 X and we fix a choice of representative 
?/o £ u r ed- A non-semi-simplc orbit exists only when W b is split, and the quadratic algebra 
F' = F 0 [X]/(X 2 + Ao) is split as F 0 x F 0 . We exclude in the sequel the case when F' is 
isomorphic to F 0 x F 0 . The reason is that the closure of b re d,rs,i in b re d does not contain such 
elements and therefore we do not need this case in Part [3] 

Subcase Oii. When F' is isomorphic to F, by Lemma 1 19. II there are two semi-simple orbits 
mapping to xg = (Ao,0, 0), and we fix the representatives y+,y~ £ u re d- We will label the two 
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orbits y± as follows. Consider a regular semi-simple element y in u re< i near y±. Choose a basis 
such that y may be written in the form 

i a 6 Fq ■ 


y = 


A * 
* 0 


with diagonal A = n 


Then we choose y .|_, resp. j/_, such that all regular semi-simple elements near y + have the 
following property: z\ := ^(u + ^-) is a norm, resp. a non-norm. Here we are using the 
coordinates z\, Z 2 from Theorem 1 18 21 bl. An easy calculation shows that this is possible and we 
will choose a small open neighborhood V XOt ± of Xq such that, for all (A, u, w) £ V XOt ± fl b re d,rs, we 
have rj(z i) = ±1. Moreover, there are no non-semi-simple orbits in the fiber of such xq £ b re d- 
• r = 1, then b ^ 0 and Ab is a multiple of b. It is not hard to show that there is a unique 
orbit (which therefore has to be semi-simple) mapping to Xq. For our calculation in Part [5] we 
give an explicit representative when W b is split. If Ao ^ 0 we choose 


V o 


0 —Ao b\ 
1 0 b 2 

. 0 


(19.6) 


where b\ = nab 2 with a 2 
any 


— Ao/zu (a £ F 0 X ) and ( b±b 2 — b 2 b±)/n = uq. If Aq = 0, we choose 


V o 


0 0 6i 

0 0 1 

. 0 


Im(bi) ^ 0. 


(19.7) 


In either case, the stabilizer is an anisotropic torus. 

Having classified the orbits in tt ” 1 (xq), it is easy to prove the following explicit germ expansion. 


Theorem 19.2. Let xq = (Ao,uo,wo) ^ (0,0,0) £ b re d, and let </> £ C"?°(u r ed)- For x in a small 
neighborhood of xo £ 7r u (u re d)j let a(x) be any element in u re d mapping to x £ b re d- 

(a) If F' = Fq\X\/(X 2 + Ao) ^ F,Fo x Fq, then the orbital integral Orb(cr(a;), 7) is equal to 
Orb(i/ 0 ) 4>), where yo £ u re d is any representative of the unique orbit tt~ 1 (xo). 

(b) If F' = FolV— Ao] — F, then the orbital integral Orb(a(x),(/)) is equal to 

Orb (y+A) lK 0 , re ,+ + °rb (y~,4>) 1 v* 0 , ra ,-- 

Proof. This is proved using the same argument as (and is easier than) the case xo = 0 in [551 . □ 


19.3. Matching orbital integrals around xq = 0. As in (5(5.; Def. 2.6], we let Ci(Fq) be the 
space of locally constant functions / on Fq such that, when |x| is large enough, f(x) is a linear 
combination of the following functions, 

7y(x)|x| _1 , y(x) log|x||a:| _1 . 

Let C 2 (Fq) be the space similarly defined by requiring that, when \x\ is large enough, f(x) is a 
linear combination of 

r}{x)\x\*K 

Let C(i r o) = Ci(To) UC 2 (Fo). For / £ C(Fo), we define the extended Fourier transform by [55 . 
§4.1]: 

7(v) := [ f(v + x)y(x) 

Jfo Fl 

which is understood in the sense of analytic continuation (cf. loc. cit.). We have 

f(v) = 7(1, V) 2 f(v), 


where the square of the gamma factor is equal to 


7(M) 2 


( \ 

l \L(l,v)J 


(1 + < z -1 ) 2 


2 


4 


r) unramified; 
y ramified. 
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Definition 19.3. Let (</> 0 ,</>i) with </>, G C^Ured,*), and let (ft G C'^°(s re d)- Then (0o,<^i) and 
(ft are local transfers around xo € b re d if there exists a small neighborhood 14 0 of xo in b re d such 
that 

w(y') Orb(y', <j>') = Orb(y, <fo) 

for any y' G s re d with invariants x G 14 0 ,rs, and any y G u re d,i matching y'. 


We will use this definition with the following transfer factor (we are allowed to do so by 
Remark 112.51 since this transfer factor differs from our original transfer factor by a constant 
multiple): 

w(y') = ?y(det(y i e) i= o,i,....n-i), y' = y'/n, l / G Sred- (19.8) 

This transfer factor is chosen such that oj(a(x)) = 1 for the section cr(x) defined by (117. 31) . which 
we use frequently. 

For (f> G Cf° (u re d); resp. <j)' G C^°(s Te d), we define 

Orb0(/3) := Orb(n(/3), (ft), resp. Orb^/ (p) := Orb(n(/x), (ft ), /3,^GF 0 . 

Then the functions Orb^, resp. Orb^/ lie in C(Fq) (cf. loc. cit.). Then the matching conditions 
around zero are essentially given by the extended Fourier transform between nilpotent orbital 
integrals. Indeed, set (cf. loc. cit.) 


kf/f 0 — e F/F 0 L{l,r]) 1 


1 + q 1 , F/F 0 unramified; 
2, F/Fq ramified. 


Theorem 19.4. The functions (<^>o , </>i) > & G C£°(u r ed,i) and </>' G Cf° (s re d) are local transfers 
around zero if and only if 

Orb 0o = 2?7(-l)H _1 K^ / 1 i , o Orb ? v, 

and 

- Orb(0, 4>o) = ??(-!) Orb(n 0i+ , <ft) + Orb(n 0 ,_, 0')i 


Orb(0, (fi) = ??(-1) Orb(n 0 ,+ , <t>') - Orb (n 0 -,<ft). 


Proof. The statement is easily reduced to the corresponding one for 7rs re d = sl re d and 7ru re d 
which are given by [551 Prop. 4.4, 4.7], by comparing the germ expansions on u re d and s re d (and 
note rj(A(x)/zu) = (—1)* if x G b re d,rs,i, cf. Proposition ll0.2l) . Here we note that there is an error 
in the germ expansion [351 Th. 2.8(1)(i)]: r should be r _1 (r being vo in the current notation). 
This leads to the correction factor \ru\~ 1 in the statement above. □ 


19.4. Matching orbital integrals around xq ft 0. 

Theorem 19.5. Let Xq = (Xq,uo,wo) G b re d; where Xq ft 0. The functions (</> o,4>i), 4>i G 
Cf° (u re d,i)? and (ft G C£°(s Te d) are local transfers around xo if and only if the following identities 
hold: 

(a) In case (Oi), and when F' ft Fq x Fq, 

Orb(y 0 , <j>o) = Orb(y + , (ft) + rj(—X) Orb(y_, (ft), 

Orb(y 0 , (f>\) = Orb {y+,<ft) - r/(-A) Orb(y_, (ft). 

Here yo G iq jre d is any representative of the unique orbit in F~ft(xo), and y± G s re d are the 
representatives given by (118.21) of the two non-semi-simple orbits in 7r~ 1 (xo)- 

(b) In case (0 ii), 

y{-a) Orb(y+, fo) = Orb {y++,<ft) + Orb (y-+,(ft) + ??(-1) Orb (y+-,(ft) + y(-l) Orb (y — ,(ft), 
r](-a) Orb(y_, </>o) = Orb(y ++ , (ft) - Orb(y_+, (ft) - r?(-l) Orb(y+_, (ft) + ??(-1) Orb (y — ,<ft), 
and 

y{-a) Orb(y + , 0i) = Orb(y ++ , (ft) + Orb (y-+,(ft) - 7?(-l) Orb (y+-,(ft) - y{-l) Orb (y — ,(ft), 
y(-a) Orb(?/_, (f>\) = Orb(y ++ , (ft) - Orb(y_+, (ft) + rj(- 1) Orb (y+-,(ft) - r]{- 1) Orb (y — ,<ft). 

Here y+,y~ G Ui ire d are any representatives of the two semi-simple orbits in ^“^(xo) labeled in 
j jTjOl and y±± G 5 re d are the representatives given by (118.31) and (118.41) of the four non-semi- 
simple orbits in tt~ 1 (xq). 
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(c) In case (1), 

Orb(yo, 0 o) = Orb (y+,(ft) + Orb (y_, </>'), 

Orb(y 0 , (fi) = Orb(y+, (ft) - Orb(y_, (ft). 

Here yg £ u^red is any representative of the unique orbit in r:f 1 {xg), and y± £ s re d are the 
representatives given by (118.51) of the two non-semi-simple orbits in itf l (xo). 

Proof. This follows by comparing Theorem 118.21 (specialized to s = 0) and Theorem 119.21 Note 
that x £ b re d,rs,o if an d only if q{A/w) = r](—A) = 1 (cf. Proposition 110 . 21 ) . In case (Oii), we 
note the following facts about the section a defined by (|18.6D : 

• A = — 4a 2 wziZ2 and hence 17 (A) = 77 ( 2122 )- 

• The choice of y + is such that 77 ( 21 ) = 1 for x £ I4 0)rS) +. 

• The transfer factor (119.81) is given by u(cr(x)) = rj(—a). □ 


20. Proofs of Theorems 116.21 and 116.51 

20.1. Proof of Theorem 116.21 To show the “only if” part, by Theorem 117.11 and 118.21 it 
suffices to show that the function Orb^/ lies in Ci(Fo). This is proved in [36] Lem. 2.3]. 

To show the “if” part, by J371 Prop. 3.8], it suffices to show that ip is a local orbital integral 
function around every xg £ b re d, comp. Theorem IIP. Ill This amounts to showing the following 
two lemmas. 


Lemma 20.1. For each xg, and each discrete no £ 7r ^xo) with nonzero germ function value 
r no (x,0), there exists a function (ft £ Cf°(s le ft) such that 


Orb(n, (ft) 


1, n = n 0 ; 

0, n is not in the same orbit as ng. 


Proof. Though not stated explicitly in [36] . this can be proved in the same way as [361 Lem. 2.1, 
2.3], " ' □ 


Lemma 20.2. Every function in Ci(Fg) arises as Orb^' for some (ft, and such (ft can be chosen 
so that Orb(n, (ft) = 0 for the two regular nilpotents n = no,±. 


Proof. This is proved in the same way as [36] Lem. 2.3]. 


□ 


20.2. Proof of Theorem 116.51 We need to verify the hypotheses of Theorem 116.21 
The case xo = 0. First assume that 7 = 0. Then for the one-dimensional family n(/r), by 
Corollary 117.21 the germ function r„( /J )(x, 0) vanishes identically. By Theorem 117. II we have for 
x £ brcd,rs around Xo = 0, 


ip(x) = dOrb(n 0:+ ,(/>,0)r no + (x,0) + <9Orb(n 0 _,</>, 0) r n0i _ (x, 0). 

Clearly 90rb(rio±, <j>, 0) are constants. Therefore the function satisfies the hypotheses of Theorem 
116.21 concerning the summands for these two elements. This proves the case i = 0. 

Now assume that i = 1. To show that the function in Theorem 116.51 satisfies the hypotheses 
of Theorem llO. 21 around xq = 0, it suffices to show that the function 


dOrb^i (p) 


d_ 

ds 


Orb(n(/x), <ft, s ), 

s=0 


M € Fq, 


lies in Ci(Fo)- 

Since we are assuming that (ft transfers to the zero function on Uo, r ed, by Theorem 119.41 we 
have Orb,^ = 0 identically as a function on Fg. The claim follows from the next lemma. 


Lemma 20.3. If Orb^' 
Proof. We have 


0, then c?Orb<£/ £ Ci(Fg). 




pab b \ 
0 0 
a 0 J / 


Orb (n{p),<ft,s) 


rj{ab)\a 1 b\ s dadb. 
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Since |a| and |6| are bounded in the integration, the function dOrb^(/i) is locally constant in 
H £ F 0 . It remains to check the asymptotic behavior when \fx\ goes to oo. So assume that 
\n\ 0. The same idea as in the proof of Theorem 118.21 shows that this integral is a sum of two 

terms, 

0 7 lab 0 

0 0 0 

0 a 0 


and 



77 ( 06 ) \a L b\ s dadb 


0 /aab b 
0 0 0 
0 0 0 


?7(a6)|a 1 b\ s dadb. 


These may be rewritten as 

I <t>K I* 


0 6 0 

0 0 0 

0 a 0 


V(b)\a- 2 b\° 


and 




-l + S 


1 

'0 

a 

b 

\ 

71- 

0 

0 

0 


V 

0 

0 

0 

J 


-1.2|s 


77(a) \a b 


da db 


da db 


\b\ 


respectively. For simplicity we write the sum as 

virile 1 (\t\~ s M s ) + ImI S 5 (s)), 

where A(s) and B(s) both have a simple pole at 5 = 0 with opposite residues. Write the Laurent 
expansions as 

A B 

A(s) =-b -Aq + A±s + • • • and .B(s) =-b Bq + B\s + • • • , 

s s 

where A_i +B _i = 0. Then the constant term of the Laurent expansion of |/o| _s A(s) + \fi\ s B(s) 
is 

(A q +B q ) ~b log |/x|( A—i +B_i). 

Since Orb^ = 0 by assumption, we have A 0 + B 0 = 0 and A -1 = = 0. This implies that 

the degree one term in the Laurent expansion of |//| -s A(s) + |/r| s I?(s) is 

( A\ + Bi)s + log |/7|( — Aq + B 0 )s. 

We conclude that when |/x| 0, 

dOrb^(/j) = ?7(/x)|/7| _1 ((Ai +Bi) + log |/r|(-A 0 + B 0 )), 

and hence 90rb^' belongs to C±(F 0 ), as desired. □ 

The case Xq ^ 0. This follows easily from the explicit germ expansion Theorem 118.21119.21 and 
119.51 with a similar argument as in the case x$ = 0. We omit the details. 

With this Theorem 116.51 is proved. 
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